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Abstract. In 1987 Serre conjectured that any mod I two-dimensional irre- 
ducible odd representation of the absolute Galois group of the rationals came 
from a modular form in a precise way. We present a generalisation of this 
conjecture to 2-dimensional representations of the absolute Galois group of a 
totally real field where I is unramified. The hard work is in formulating an 
analogue of the "weight" part of Serre's conjecture. Serre furthermore asked 
whether his conjecture could be rephrased in terms of a "mod I Langlands 
philosophy". Using ideas of Emerton and Vigneras, we formulate a mod I 
local-global principle for the group D* , where D is a quaternion algebra over 
a totally real field, split above I and at or 1 infinite places, and show how it 
implies the conjecture. 

1. Introduction 
Serre conjectured in [63] that if £ is prime and 

p : G Q -> GL 2 (F,) 

is a continuous, odd, irreducible representation, then p is modular in the sense that 
it arises as the reduction of an £-adic representation associated to a Hecke eigenform 
in the space Sk(Ti(N)) of cusp forms of some weight k and level N. Let us refer 
to this (incredibly strong) conjecture as "the weak conjecture". Serre goes on to 
formulate a refined conjecture which predicts the minimal weight and level of such 
an eigenform subject to the constraints k > 2 and I \ N; let us call this "Serre's 
refined conjecture". Note that Serre explicitly excludes weight 1 modular forms, 
although a further reformulation was made by Edixhoven in |24j to include them, 
and we refer to Edixhoven's reformulation as "Edixhoven's refined conjecture". 
Through the work of Ribet [55], Gross [ID], Coleman- Voloch [TS] and others, the 
equivalence between the weak conjecture and Serre's refinement was known for 
I > 2 (see [10]), and also when £ — 2 in many cases (see [TO])- The equivalence 
of Serre's refined conjecture and Edixhoven's refined conjecture is also essentially 
known, although the question does not appear to have been completely resolved: 
for £ = 2, there still appears to be an issue regarding constructing a weight 1 form 
in every case that Edixhoven predicts that such a form exists. 

The aim of this paper is to formulate a generalisation of Serre's refined conjecture 
to the context of two-dimensional representations of Gk where K is a totally real 
field. The details of such a formulation (assuming £ unramified in K) were worked 
out by one of us (F.D.) stemming from correspondence and conversations among the 
authors in 2002, and the first version of this paper appeared in 2004. At that time 
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the weak conjecture (for Gq) appeared out of reach. Since then there has been star- 
tling progress, culminating in its recent proof by Khare and Wintenberger [5"T]I52]. 
building on ideas developed by Dieulefait and themselves [231 IZ21 EH EH] and rely- 
ing crucially on potential modularity and modularity lifting methods and results of 
Taylor, Wiles and Kisin 71, 68, 67, 53, 54]. Their result also resolves the remaining 
case for £ — 2 of Serre's refined conjecture. 

Since the first version of this paper appeared, there has also been significant 
progress towards proving the equivalence between the "weak" and "refined" con- 
jectures we presented over Gk ■ Partial results already followed from work of one 
of the authors [44l|46], Fujiwara [32] and Rajaei [57], and further results were sub- 
sequently obtained by Schein |61] and Gee [33] . For the most part the techniques 
were generalisations of ones already used in the case K — Q and seemed severely 
limited with respect to establishing the "weight part" of the refined conjecture. 
However in [35[ 136] Gee presented a new, much more promising approach; it re- 
mains to be seen how far the ideas there can be pushed towards a complete proof of 
the equivalence between weak and refined conjectures. Note also that these ideas 
have been extended in [38] to cover cases where £ is ramified in K . 

Another important development related to Serre's conjecture has been the recent 
progress on constructing f-adic and mod £ Langlands correspondences, especially 
the work of Breuil, Colmez and Emerton. In particular, a correspondence between 
two-dimensional ^-adic representations of Gq 4 and certain ^-adic representations of 
GL2(Q^) was constructed by Colmez [16j . and a conjectural compatibility with a 
global correspondence was formulated and proved in many cases by Emerton in [26] 
(see also [25]). There is also a mod I version of this compatibility, which we refer 
to as "Emerton's refined conjecture" (see also [37]). Most cases of Serre's refined 
conjecture follow from Emerton's; in particular the specification of the weight is 
essentially a description of the GL2(Z^ )-socle of the representation of GL2(Q^) 
arising as a local factor at £ associated to p. The current version of this paper 
includes a partial generalisation of Emerton's refined conjecture to certain forms of 
GL2 over K. The sense in which it is "partial" is that at primes over £ we only 
describe the Jordan- Holder constituents of the socle of a maximal compact for the 
local factor, and even that only for primes unramified over £. The relevance of this 
socle and the difficulty of generalising the mod I local correspondence to extensions 
of is clearly illustrated by the recent work of Breuil and Paskunas [9] . 

We now explain our set-up and aims in a little more detail. Suppose that K 
is a totally real field. Let O denote its ring of integers and let Sk be the set of 
embeddings of K in R. Suppose that k £ Z Sk with fc T > 1 for all r <E Sk and 
furthermore assume that all of the k T are of the same parity. Let n be a non-zero 
ideal of O. The space of Hilbert modular cusp forms of weight k and level n, denoted 
SV({/i(n)), is a finite-dimensional complex vector space equipped with an action of 
commuting Hecke operators T m , indexed by the non-zero ideals m of O (to fix ideas, 
let us normalise our spaces and Hecke operators as in [66]). Fix once and for all 
embeddings Q — > C and Q — s- Q £ , and let 7^ f £ Sj:(Ui(n)) be an eigenform 
for all the T m . A construction of Rogawski-Tunnell, Ohta and Carayol [501 IS"6l [T3] . 
completed by Taylor and Jarvis [66l|43], associates to / an £-adic representation 
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such that if p is a prime of O not dividing in, then pf is unramified at p and, if Frob p 
denotes a geometric Frobenius, then trp/(Frobp) is the eigenvalue of T p on / (note 
that Taylor does not need to specify whether his Frobenius elements are arithmetic 
or geometric, so we shall assume that they are geometric). Fixing an identification 
of the residue field of with F^, we obtain a representation 

p f :G K ^GL 2 (F e ) 

defined as the scmisimplification of the reduction of pf . It is natural to expect the 
following "folklore" generalisation of Serre's weak conjecture to hold: 

Conjecture 1.1. Suppose that p : Gk — > GL^F^) is continuous, irreducible and 
totally odd. Then p is isomorphic to ~p~j for some Hilbert modular eigenform f . 

Here "totally odd" means that det(p(c)) = —1 for all [K : Q] complex conju- 
gations c. Note that one could instead have defined pf to be the representation 
with the property that the trace of an arithmetic Frobenius was equal to the corre- 
sponding Hecke eigenvalue, which is the same as replacing pf by its dual, but the 
"geometric" conjecture above is trivially equivalent to the "arithmetic" version (p is 
geometrically modular if and only if its dual is arithmetically modular) . Although 
the Khare-Wintenberger approach to Serre's original conjecture may shed light on 
Conjecture 11.11 for a few explicit totally real fields K, it seems not (in its present 
form) to be able to attack the case of a general K because it relies on an induction 
and the fact that for certain small primes £ there are no 2-dimensional irreducible 
odd mod £ representations of Gq unramified outside £; however for a totally real 
field the analogous fact is not in general true — there are plenty of elliptic curves 
over totally real fields with everywhere good reduction, and the ^-torsion in these 
curves will generally give rise to such representations. As an explicit example, one 
can check easily using a computer that if e = 5 +~^9 then the elliptic curve 

2 2 3 

y + xy + e y = x' 

has everywhere good reduction over Q(y29) and that the Galois representation on 
the 2-torsion is absolutely irreducible. □ 

The main aim of this paper is to refine Conjecture 11.11 along the lines of Serre's 
refinement for the case K — Q, in the special case where the prime £ is unramified 
in K. Perhaps surprisingly, this is not as simple as it sounds. The main difficulty 
is in specifying the weight where, even in this unramified situation, we encounter 
several subtleties not present in Serre's original work. Note first of all that there 
is no obvious notion of a minimal weight. Moreover the possible weights and level 
structures at primes over £ are intertwined, and, contrary to the case K = Q, one 
does not always expect a representation as in Coni ect ure 1 1 . 1 1 to arise from a classical 
Hilbert modular form of level prime to £. Indeed, the mod £ representation attached 
to such a form has determinant equal to the product of a finite order character 
unramified at £ and some power of the mod £ cyclotomic character, and it is not 
hard to construct a mod £ Galois representation whose determinant is not of this 
form. To deal with these issues, we introduce the notion of a Serre weight, namely 
an irreducible F^-representation a of GL2(C/£), and define what it means for p to 
be modular of weight a. Such a notion of weight is implicit in work of Ash and 

^Prof. J. -P. Serre informs us that this example of a curve with everywhere good reduction was 
found by Tate, and notes that it is discussed in §5.10 of Serre's 1972 Invcntioncs article "Proprietes 
galoisiennes des points d'ordre fini des courbes elliptiques" (Oeuvres 94). 
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Stevens [3 H], its relation to Serre's conjecture underlies Khare's paper [48], and 
its role in generalizing the conjecture to GL n over Q is evident in [TJ [2]. Our aim 
is to describe all possible Serre weights of forms giving rise to a representation p. 

When working with classical modular forms, certain choices for normalisations 
and conventions have now become standard. In the Hilbert case there are various 
possibilities for these choices, and experience has shown the authors that things 
become ultimately less confusing if one works with holomorphic automorphic rep- 
resentations as in [13] rather than Hilbert modular forms, the advantage of this 
approach being that now the only choice one has to make is the normalisation of 
the local Langlands correspondence. We follow Carayol in our approach and use 
Hecke's normalisation rather than Langlands'. We explain our conventions more 
carefully later on. 

Our weight conjecture (Coniecture l3.14l below) then takes the form of a recipe for 
the set of weights a for which p is modular. Our notion of modularity is formulated 
in terms of p arising in the Jacobian (or equivalently cohomology) of Shimura 
curves associated to quaternion algebras over K; the weight recipe is given in terms 
of the local behaviour of p at primes over £. The precise recipe is motivated by the 
expected compatibility with the (labelled) Hodge- Tate weights in [0, £] of crystalline 
lifts of twists of p\gk v f° r primes p|£. One can use Fontaine-Laffaille theory to 
describe the reductions of crystalline representations with Hodge- Tate weights in 
the range [0, 1— 1]; that the resulting recipe extends to the "boundary" is supported 
by numerical evidence collected by one of the authors, Dembele and Roberts [19] . 

Loosely speaking, Conjecture 11.11 can be thought of in the context of a "mod £ 
Langlands philosophy" , with Coniecture l3.14| predicting a local-global compatibility 
at primes over £. An interesting feature of the recipe for the weights is that if £ is 
inert in K and p\o Kl IS semisimple, then the set of weights that we associate to p 
are the Jordan-Holder factors of the reduction of an irreducible (^-representation 
of G1j2{0 /£). This is proved in [21], where it is further shown that this association 
establishes a correspondence between 2-dimensional Galois representations of a local 
field in its residue characteristic and representations of GL2 of its residue field in 
characteristic zero. Herzig |41] has shown that this phenomenon does not persist 
in the context of GL n for n > 2, but rather is a property particular to n < 2 of a 
more general relation that he conjectures between the set of Serre weights and the 
reduction of a characteristic zero representation associated to p. 

In [251 [57], Emerton made precise the sense in which Serre's refined conjecture 
could be viewed as part of a mod £ Langlands philosophy (in the case K = Q). 
Using automorphic forms, he associates to p an F^-representation 7r(p) of GL2(Aq), 
which is non-zero by the theorem of Khare and Wintenberger. Emerton conjectures, 
and shows under some technical hypotheses, that it factors as a restricted tensor 
product of local factors 7r p , where ir p is a smooth admissible representation of 
GL 2 (Q P ) determined by p\g Qp - Serre's refined conjecture can then be recovered 
from properties of the tt p ; moreover, results such as those in [22] and [48] describing 
the possible weights and levels of forms giving rise to p can also be extracted. We 
go on to formulate a conjecture in the spirit of Emerton's in the context of certain 
quaternion algebras over K. In order to do so, we need to associate a local factor 
to p\gk p when p is a prime not dividing £. This was already done by Emerton if 
the quaternion algebra is split at £; we augment this with a treatment of the case 
where it is ramified using results of Vigneras [69 . 
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This paper is structured as follows. In Sj2] we introduce the notion of a Serre 
weight and our notation and conventions regarding automorphic representations 
for GL2 over A; we explain what it means for p to be modular of a given Serre 
weight and relate this notion to the existence of automorphic representations it 
such that p ~ TV In $3] we formulate Conjecture 13.141 giving a recipe for the set 
of Serre weights for which p is modular, and we show that it follows from known 
results on Serre's Conjecture in the case K = Q (Theorem I3.17j) . Finally, in §4] 
we state our partial generalisation of Emerton's refined conjecture and derive some 
consequences. 
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thors (F.D.) was at Brandeis University, with support from NSF grants #9996345, 
0300434. K.B. was partially supported by an EPSRC Advanced Research Fellow- 
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ered here. The last section of the paper was greatly influenced by discussions at a 
workshop at the American Institute of Mathematics on p-adic Representations in 
February 2006 attended by K.B. and F.D.; we heartily thank AIM and the work- 
shop organisers and participants, especially M. Emerton. The influence of his ideas 
on that part of this work is apparent; we are also grateful to him for subsequent 
correspondence, in particular communicating details of [26, 27 . We also benefited 
from conversations and correspondence with C. Breuil, B. Conrad, L. Dembele and 
T. Gee in the course of writing this paper. Finally the authors thank F. Herzig, 
M. Schein and R. Torrey for their helpful comments and corrections on an earlier 
version of the paper, and of course the referees, who between them pointed out 
numerous typos and made several remarks which helped improve the presentation. 
Any remaining errors are of course the fault of the authors. 

2. Serre weights 

Suppose A' is a totally real field (we allow K = Q) and let O denote its ring of 
integers. Let £ be a rational prime, which we assume from the outset is unramified 
in K (although some of this section certainly could be made to work in more 
generality). Recall that we have fixed embeddings Q > C and Q > Q t , and also 
an identification of F^ with the residue field of Q f . Let Sk denote the embeddings 
K — > R and let us fix once and for all a preferred embedding tq : K — >• R. 

Consider the group 

G = GL 2 (0/£0) S JjGL 2 (0/p). 

p\£ 

A Serre weight is an isomorphism class of irreducible F^-representations of G. These 
can be described explicitly as follows. For each prime p of K dividing £, set k p = 
O/p, f p = [k p : Ff] and let Sp be the set of embeddings r : kp — > Fg. Then every 
irreducible F^-representation of GL2(/c p ) is equivalent to one of the form 

V a,b = (8) ( det<lT ® k > Symm 6 -- 1 ^) ® r F e , 

t£S„ 

where a T , b T <E Z and 1 < b T < £ for each r € Sp. Moreover we can assume that 
< a T < £ — 1 for each r € Sp and that a T < £ — 1 for some r, in which case 
the resulting (£^ — l)£' v representations V s r are also inequivalent. The irreducible 
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representations of G are thus of the form V = <S>{p\e}Vp, where the tensor product 
is over Fe and each Vp is of the form V s g for (a, b) as above. 

If n is an integer then we let Ff (n) denote the l-dimensional F^-vector space with 
left G-action defined by letting g g G act via N(det(g)) n , where N : (0/£0) x -> 
(Z/£Z) X is the norm. If F is a field of characteristic I and V is an F-representation 
of G space then we define V(n) to be the F-representation V(n) := V <E>F e Fe(n). 
Note that V- r(n) = r ? , where 1 = (1, 1, .... 1). 

Suppose that I? is a quaternion algebra over K split at tq and at no other infinite 
places. Fix an isomorphism D ®k.t R = -^(R-); this induces an isomorphism of 
(D ® To R) x with GL2(R), which acts on :— C\R in the usual way. Consider 
if as a subfield of R (and hence of C) via the embedding To. If A^ K denotes the 
finite adeles of K and U is an open compact subgroup of (D 0k ^-k) x then there 
is a Shimura curve Yjj over K , a smooth algebraic curve whose complex points (via 
T a : K — > C) are naturally identified with 

and such that Yjj is a canonical model for this space, in the sense of Deligne. These 
canonical models have the useful property that if U' is a normal compact open 
subgroup of U, then the natural right action of U/U' on Yu*{C) is induced by an 
action of U/U' on Yu< (that is, the action is defined over K). 

Unfortunately there is more than one convention for these canonical models, and 
the choice that we make genuinely affects our normalisations. To fix ideas, we shall 
follow the conventions of Carayol in [T^] and in particular our "Hodge structure" 
h will be that of section 0.1 of |12j . This corresponds to the choice e = — 1 in the 
notation of [17] • See Section 3.3 of [17] for a discussion of the differences between 
this choice and the other natural choice — the key one being (Lemma 3.12 of [17] ) 
that the choice does affect the Galois action on the adelic component group, by a 
sign. That this ambiguity exists is not surprising: for example in the elliptic curve 
case the modular curve Y(l) parametrising elliptic curves equipped with generators 
of their ^-torsion exists (for I > 2) as a moduli space over Q, and the Weil pairing 
gives a natural morphism Y(£) — > Spec(Q(^)), but the two ways of normalising 
the Weil pairing give different morphisms. 

If K = Q and D is split (we refer to this case as "the split case"), we let Xjj 
denote the standard compactification of the modular curve Yjj; otherwise (that is, 
if K 7^ Q or if K = Q but D is non-split) we simply set Xjj — Yjj. Then Xjj is a 
smooth projective algebraic curve over K. Note that Xu, considered as a scheme 
over K, will be connected (see section 1.3 of [12]) but not in general geometrically 
connected. Note also that, with notation as above, the natural action of U/U' on 
Yjj/ extends to an action on Xjj' ■ Opting to include the split case does sometimes 
increase the length of a proof (we have to verify that "all errors are Eisenstein") 
but is arguably morally better than presenting proofs only in the non-split case and 
then merely asserting that they may be modified to deal with the split case too. 

If U is a compact open subgroup of (D <S>k ^-k) x as above, then let Pic°(Xjj) 
denote the identity component of the relative Picard scheme of Xjj — > Spec(if). 
This definition is chosen specifically to deal with the fact that Xjj may not be geo- 
metrically connected. In more concrete terms, if Kjj denotes the ring T(Xu, Ox a ) 
of globally-defined functions on Xjj , then Kjj is a number field and a finite abelian 
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extension of K, the curve Xjj is geometrically connected when regarded as a scheme 
over Spec (Ku), and Pic {Xu) is canonically isomorphic to the restriction of scalars 
(from Kjj to K) of the Jacobian of Xu/Kxj. In particular, Pic (Xu) is an abelian 
variety over K. 

We henceforth assume that D is split at all primes of K above I, and we fix 
an isomorphism D <E>q = M%(K <g) Qe). We can now regard GL2(0 ® Zg) as a 
subgroup of (D ®k A^-) x ■ If is a compact open subgroup of (D <E)k A^-) x as 
above, and if GL2(0 ® Zf) is contained in [/, then we say that U has level prime 
to i. In this case, the natural map U — > GL,2(0 / iO) = G is a surjection. Let 
£/' denote its kernel. Then U /U' = G acts naturally on the right on Yj/< and on 
Xw, and hence naturally on the left on Pic°(Xu') and Pic (Xu')[£](K ). Let us 
say that [7 is sufficiently small if it has level prime to £ and the map Yj/' ~ ^ 
is etale of degree equal to the order of G. Note that any U of level prime to I 
contains a compact open subgroup that is sufficiently small — this follows easily 
from 1.4.1.1-1.4.1.3 of 12 or Lemma 12.1 of 04]. The induced map X v > -> Xu 
will then be finite of degree equal to the order of G (but it may not be etale in the 
split case — there will usually be ramification at the cusps) . 

Definition 2.1. Suppose that p : Gk —> GL2(F^) is a continuous, irreducible 
representation and V is a finite- dimensional F '^-vector space with a left action of G. 
We say that p is modular of weight V if there is a quaternion algebra D over K 
split at the primes above I, at to and no other infinite places of K , and a sufficiently 
small open compact subgroup U of (D <E>k A^-) x of level prime to £, such that p is 

an F e G K subquotient of (Pic {Xu> ) [£] (K) ®V)°, where U' = ker(C7 -> G), G acts 
diagonally on the tensor product, and Gk acts trivially on V . 

Note that we allow V to be a reducible G-representation (out of convenience 
at this point in the exposition: we will see in Lemma 12.4T b) that V can ulti- 
mately be assumed irreducible with no loss of generality) . Note also that we allow 
subquotients with respect to the Galois action although using Heckc operators 
and the Eichler-Shimura relation on Xjji, one can show that if we replace 11 Gk- 
subquotient" by "Gif-submodule" then the resulting definition is equivalent. On 
the other hand, we really want to demand that p is a Gx-subquotient of the G- 
invariants of Pic (Xu')[£](K) ® V rather than an Fi[Gk x G]-subquotient on which 
G acts trivially. Our conjecture would not be correct were we to use G-subquotients; 
a general Galois representation would then be modular of more weights and we 
would not recover important subtleties of the refined conjecture. 

Say V is any finite-dimensional F^-vector space equipped with a left G-action. 
The right action of G on Y\j> enables us to identify G with a quotient of 7Ti (Yjj , x) 
for x any geometric point of Yjj. Now a standard construction (see for example A 
1.7 of [30 ) associates to V a locally constant etale sheaf J-y on Yjj, with (amongst 
other things) the property that the pullback of Tv to Y\ji is just the constant sheaf 
associated to the vector space V. We abuse notation slightly by also using to 
refer to the pullback of Ty to Y v ^, the base change of Yjj to K. 

Later on we will also need an ^-adic variant of this construction, for which a good 
reference is sections 2.1.3 and 2.1.4 of [T3]. Let U C (D ®k A^-) x be compact and 
open, and let Yjj denote the associated Shimura curve over K. like Zff and 
with w = k T mod 2 for all r, then we would like as in loc. cit. to define an ^-adic 
sheaf corresponding to the representation ® T eS v det^ _feT+2 ' / ' 2 Symm' £T_2 (^ T ) 
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of D x , where £ r is the tautological 2-dimensional representation of (D <E>f,t C) x 
induced by a fixed isomorphism D ®k.t C = M2(C). We do this as follows. If 
E C Q is a number field, Galois over Q, splitting D and containing all embeddings 
of K into Q, then the representation above can be realised on an E- vector space. 
If \\t is a prime of E, then (possibly after replacing U by a finite index subgroup to 
remove any problems with elliptic points) Carayol defines an Oe x -sheaf v on Y\j 
associated to the representation above, and an i?A-sheaf T\,u = J~® u®Qe- Strictly 
speaking the sheaf v depends on a choice of lattice, which we always take to be 
the one arising from tensor products of symmetric powers of 2 E . Furthermore, 
if we choose A so that it is the prime of E above £ induced by our embedding 
E — >• Q — > Q e then there is an induced map 0£ A /A — > F^ and the induced Fg- 
sheaf J 7 " u/X ® Fg is isomorphic to the sheaf Fw associated to the representation 

W = ® p \ t ® T£Sp det (w ~ K+2)/2 Symm fe ^ 2 k 2 p ® T F e . 

We begin by noting that Gk acts via an abelian quotient on many of the coho- 
mology groups that show up in forthcoming arguments. 

Lemma 2.2. (a) Let U be any compact open subgroup of (D®k A^) x and let J- be 
a locally constant torsion sheaf on Yjj corresponding to a continuous representation 
of U /U' for some normal open compact U' C U such that Yjj> — >• Yjj is etale with 
covering group U/U'. Then for i £ {0,2} the action of Gk on the cohomology 
groups H l (Y lJ -^,J r ) and H^Yjj-^jjF) factors through an abelian quotient. 

(b) IfJ-\.u is the sheaf associated to the data (k,w) as above, and if Hp(Y u -^,J : '\ jj) 
denotes the image of H^Yy-g, Tx^u) in H 1 (Y u j^,J 7 \ i u), then the action of Gk on 
H (XuTi'i-F^u) I HpOfuTfi-F^u) * s v ^ a an a belian quotient. 

(c) The action of Gk on the cokernel of the natural inclusion H 1 (X u -^,Ff ) — > 
H (Yy-g, Fe) is via an abelian quotient. 

Proof, (a) The pullback of T to Yjj/ is constant and H°(Yjj^, T) can be identified 
with a subspace of iJ°(Y' ;7 , -^,T). The Galois action on this latter space is abelian, 
as the geometric components of Yjj' are defined over an abelian extension of K 
(see for example §1.2 of [H]). This proves the result for H°, and the result for H® 
follows as H® is a subgroup of H° . For i = 2 the result follows from the i — case 
and Poincare duality, which pairs H° with H 2 and H 2 with H®. 

(b) The quotient is trivial in the non-split case, so we are instantly reduced to 
the case K = Q, D = A/2(Q) and E\ = Qg. In this case the result is surely well- 
known, but we sketch the proof for lack of a reference. The sheaf associated to the 
data (k, w) is Q^-dual to the sheaf associated to (k,—w), so by Poincare duality, 
this is equivalent to showing the Galois action factors through an abelian quotient 
on the kernel of the map (with w replaced by 2 — w). Recall that H\ (Yjjq, Txjj) — 
H 1 (X (J q, jiT\ t u) where j : Yjj — > Xjj is the natural inclusion, and that our map 
factors as 

H\X m ,j\F XtU ) -> H^X^j^.u) H^Y^F^u), 

the first map being surjective, the second injective. Therefore it suffices to prove 
that the action of Gq on 
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factors through an abelian quotient, where i : Zjj — > Xy is the reduced closed 
subscheme defined by the cusps. Shrinking U if necessary, we can assume there 
is a universal generalised elliptic curve over Xjj (in the sense of [H]), an d we let 
s : Eu —¥ Xjj denote its restriction to the open subscheme whose fibres over closed 
points are its identity components. Then we find that j*J~\ t u is isomorphic to 
Symm fe_2 (i? 1 s*Q£)((w; + k — 2)/2), and since Eu xx„ Z\j is isomorphic to G U \,z v , 
we conclude that i*j*F\ u is isomorphic to Qi((w — k + 2)/2). The assertion now 
follows from the fact that the cusps are defined over an abelian extension of Q. 
(c) is similar to (b), but simpler. □ 

Let D, U, U' , G and V be as in Definition 12. II If ip is a continuous character of 
Gk with values in F^ or , then we let ip\ denote the character of A K corre- 
sponding to ip by class field theory (with uniformizers corresponding to geometric 
Frobenius elements). 

Lemma 2.3. Suppose that ip : Gk — > F^ is a continuous character such that ip& 
is trivial on det(U'), and let x denote the restriction of ipx to (O ® Z^) x . Then 
H 1 (Y u j(, TvQxvdct) is isomorphic to H 1 (Y u -^,J r v)(ip) as G K-modules. 

Proof. The restriction of ip to Gk v corresponds to \ via the isomorphism 

G Ku /G Ku , = det([/)/det((7') S (0/£) x . 

Recall from section 1.1.2 of [13j that we have a commutative diagram 

Y V i -t Spec K v , 

I I 
Y v -t Spec Ku 

such that the action of G = U/U' on Yjji is compatible via det with that of 
det(J7)/det(£/') on Specie/'. So if we let T x denote the sheaf on Specify cor- 
responding to the character we see that Typ&et is isomorphic to the pull-back 
of T x by the map Yjj — ¥ Spec Ku. As this map induces a bijection on geomet- 
ric components, it follows that H (YuT() .F X odet) is isomorphic to H°(SpecKu Xk 
K,T X ) as G/f-modules, which in turn is isomorphic to Indg* Fi(x). Therefore 
Hom.pr GK -i(Fi(ip),H (Yjjk, J^odet)) is one-dimensional. Let a be the image in 
H°(Yu~k> J~x°dct) °f a non-trivial element. Note that the restriction of a to each 
component of Y v ^ is non-trivial, so cupping with a defines an isomorphism 

□ 

Lemma 2.4. Let p : Gk ~^ GL2(F^) be continuous, irreducible and totally odd. 

(a) p is a G k -subquotient of (Pic (Xu>)[£]{K) eg) V) if and only if p is a Gk- 
subquotient of H 1 (Y [J ^, Fv(i))- 

(b) p is modular of weight W (an arbitrary finite- dimensional F i[G\-module) if 
and only if p is modular of weight V for some Jordan- Holder factor of W . 

Proof, (a) First recall that Vic (Xu>)[t}{K) = H 1 (X U , ;K , F e ) ® p e as G K x G- 
modules. By Lemma [2~^T c). the action of Gk on the cokernel of the natural injection 

H^X^^Y,) ^ H\Y ut;K ,¥ t ) 
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factors through an abelian quotient. It follows that p is modular of weight V if and 
only if p is an F £ [G/<-]-subquotient of (H 1 (Y U , ^, F e ) ® V) G ® pe. 

The Hochschild-Serre spectral sequence now gives us an exact sequence of Gk- 
modulcs 

H X {G, H (Y u , j^ 1 Fg) (g) V) -> H\Y uW ,T v ) -> 

-> (H 1 ^,^, F t ) ® V) G -> 2 (G, F,) ® V). 

By Lemma I2.2f a) , the action of G# on the first and last terms factors through an 
abelian quotient. It follows that p is modular of weight V if and only if p is an 
F^Gif ]-subquotient of H 1 (Y U -^, Fy) <X> pe- Finally note that by Lemma [2.31 we 
have 

h1 ( y u,k^v(i)) = H l {Y u;K ,Tv)®^ 

and part (a) of the lemma follows. 

(b) If — > Wi —> W2 — > W3 — > is a short exact sequence of finite-dimensional 
F£[G]-modules then — > Tw x — > J~w 2 — * Fw 3 — > is a short exact sequence of 
etale sheaves on Yjj, and (b) now follows from (a) and Lemma [2?2ja) . 

□ 

Our chosen embeddings Q \ C and Q — > Q £ and identification of the residue 
field of with Fg allow us to identify Sk with (J p ^ S p (because we are assuming 
that I is unramified in K). We now recall how this notion of modularity is related 
to the existence of automorphic representations for GL2 / K giving rise to p. We 
start by establishing some conventions. 

When associating Galois representations to automorphic representations we shall 
follow Carayol's conventions in |13j . In particular our normalisations of local and 
global class field theory will send geometric Frobenius elements to uniformisers and 
our local-global compatibility will be Hecke's rather than Langlands' (the one that 
preserves fields of definition rather than the one that behaves well under all functo- 
rialities; the difference is a dual and a twist). We summarise Carayol's theorem (in 
fact we only need a weaker form which is essentially due to Langlands and Ohta), 
and its strengthening by Taylor and Jarvis. 

For k > 2 and w integers of the same parity let Dk, w denote the discrete series 
representation Dk, w of GL2(R) with central character t M- t~ w denned in section 0.2 
of |13j . For k — 1 and w an odd integer we define D\^ w to be the irreducible prin- 
cipal series Ind(/Lt, v) where the induction is unitary induction and p and v are the 
(quasi-)characters of R x defined by p(t) = \t\- w / 2 sgn(i) and v(t) = \t\- w / 2 . Now 
for k £ Z Sk with each k T > 1 and of the same parity, and w £ Z of the same parity 
as the k T , let us say that a cuspidal automorphic representation tt of GL 2 (Ax) 
is holomorphic of weight (k,w) (or "has weight (fc,u))" for short), if 7r T = Dk TjW 
for each r 6 Sk (of course many cuspidal automorphic representations will not 
have any weight — we are picking out the ones that correspond to holomorphic 
Hilbert modular forms). The theorem of Eichler, Shimura, Deligne, Deligne-Serre, 
Langlands, Ohta, Carayol, Taylor, Blasius-Rogawski, Rogawski-Tunnell and Jarvis 
associates a Galois representation p n : Gk — > GL 2 (Q^) to a cuspidal automorphic 
representation 7r for GL2 / K of weight (fc, w), and the correspondence n 1— ¥ p v sat- 
isfies Hecke's local-global compatibility at the finite places of K of characteristic 
not dividing £ for which tt is unramified. We remark that local-global compatibility 
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at the ramified places away from £ does not quite appear to be known in this gener- 
ality, although Carayol and Taylor establish it if k T > 2 for all r. See Theorem 7.2 
of [33| for the current state of play if k T = 1 for some r. 

From this compatibility one deduces easily (see section 3 of [13] for example) 
that if 7r is holomorphic of weight (k,w) then the determinant of p^ is the product 
of a finite order character and us w , where lo denotes the cyclotomic character. 
Note that twisting by an appropriate power of the norm character gives bijections 
between the automorphic representations of weight (k,w) and (k,w + 2n) for any 
integer n; this corresponds to twisting by an appropriate power of the cyclotomic 
character on the Galois side. 

Let ~p v : Gk — > GL^F^) denote the semisimplification of the reduction of p„. 
Our goal now in this section is to relate two notions of being modular: the first is 
the notion of being modular of some weight (in the sense introduced above), and 
the second is the notion of being modular in the sense of being isomorphic to Jj n 
for some holomorphic tt. 

Proposition 2.5. Let (k,w) € x Z be integers all of the same parity. Suppose 
p : Gk — > GL^F^) is continuous, irreducible and totally odd. Then p ~ for some 
cuspidal automorphic representation tt for GL2 / K of weight [k, w) and level prime 
to I if and only if p is modular of weight V for some Jordan-Holder constituent V 
of 

Vk, w : = ® det^-^^Symm^- 2 ^ 2 ® T F e . 
p\e t£S p 

Remark 2.6. Note that the representation Vt w above differs from the representa- 
tion i/j in section 2.1.1 of [13] by a twist due to the fact that we are using Jacobians 
rather than etale cohomology. 

Proof. Say V is a Jordan-Holder constituent of V^ w , and that p is modular of 
weight V. Then, by definition, there is a quaternion algebra D/K satisfying the 
usual conditions, and a level structure U prime to £ such that p is a subquotient 
of (Pic (Xjji ) [£] ® V) G (with notation as above). By Lemma [2.4f a) and (b) and 
the remarks before Lemma |2~21 p is a G/f -subquotient of H 1 (Y U -^,J 7 ^ jj/X) ® F^, 

where J 70 u is the sheaf that Carayol associates to (fc, w). Recall that by results of 
Jacquet-Langlands and Carayol [T3], H^{Y u ^,J : x t u) is a direct sum of irreducible 
2-dimensional £-adic representations p^ for 7r as in the statement of the proposition. 
So by Lemma 1 2. 2 1 and a standard cohomological argument, we see that p = f° r 
some cuspidal automorphic representation 7r on GL2 / K. 

The reverse implication is not quite so straightforward because given 7r one needs 
to see ~p n in the cohomology of a Shimura curve (the problem being that K might 
have even degree and tt might be principal series at all finite places). However, 
arguments of Wiles and Taylor show that this problem is surmountable via "level- 
raising." Indeed, Theorem 1 of [66) and the remarks following it show that — /V 
for tt' an automorphic representation of GL2 / K that is special at a finite place, and 
the Galois representation associated to tt' does indeed show up in the cohomology of 
a Shimura curve by the above-mentioned results of Jacquet-Langlands and Carayol. 

□ 
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Corollary 2.7. If p : Gk — > GL2(F<>) is continuous, totally odd, irreducible, and 
p = ~Pn for some automorphic representation tt of GL2 / K of level prime to I and 
weight (fc, w) G Z>^' x Z, then p is modular of weight V for some weight V . 

Proof. If k T > 2 for all r then this follows immediately from the previous propo- 
sition. If k T = 1 for one or more r then it suffices to construct an automorphic 
representation tt' of level prime to £ with p w = p^,, and with 7r' of weight (k',w) 
with fc^. > 2 for all r. This is done in |43j (via multiplication by an appropri- 
ate modular form congruent to 1 mod £: in particular the result follows from the 
Deligne-Serre lemma and Lemma 5.2 of loc. cit.). □ 

We can furthermore predict the local behaviour at primes over £ of the automor- 
phic representations of weight (k,w) giving rise to p. Before we start on this, here 
is a simple lemma that will be of use to us later. 

Lemma 2.8. If k is a finite field of characteristic £ and if V is an irreducible F^- 
representation of G\j2(k) then there is an irreducible Q e -representation of Gh2(k) 
whose reduction has V as a Jordan-Holder factor. Furthermore there is a 1- 
dimensional Fg -representation x °f GL2(fc) and an irreducible Q f -representation 
of GL2(fc) with a fixed vector for the subgroup ( 5 1 ) whose reduction has \ ®V as 
a Jordan- Holder factor. 

Proof. For 1-dimensional V the result is clear (use the Teichmuller lift) and for V 
of dimension equal to the size of k, the Steinberg representation does the job. For 
other V the lemma follows immediately from Proposition 1.1 of [5T] (with J = S 
in the notation of that paper). □ 

We now introduce the following rather naive version of a type. If L is a finite 
extension of Q^, with integers 0l, if tt is a smooth irreducible complex represen- 
tation of GL2(i) and if a is a smooth irreducible representation of GL2(Ol) (so a 
is finite-dimensional and its kernel contains an open subgroup of GL2(Ol)), then 
we say that tt is of type a if the restriction of 7r to a representation of GL2(0l) 
contains a subspace isomorphic to a (note that this is a much weaker and simpler 
version of the usual notion of a type) . 

We now need a mild refinement of a level-raising result of Richard Taylor; un- 
fortunately this refinement does not appear to be in the literature, so we sketch a 
proof here. The reader who wants to follow the details is advised to have a copy of 
Taylor's paper |B6 j handy. 

Lemma 2.9. Suppose that [K : Q] is even and tt is a cuspidal automorphic rep- 
resentation of GL2 /K which has weight (k,w). Suppose moreover that k T > 2 for 
all infinite places t. For all primes p \ £ choose a smooth irreducible representation 
crp of GLi2(Ok p ) such that tt v is of type cr v . 

Then there is a prime q of K not dividing £ and a cuspidal automorphic repre- 
sentation tt' of GL2 /K, also of weight (k,w), and such that 

• 7Tq is an unramified special representation; 

• 7Tp is of type o~p each p \ £. 

Proof, (sketch) . The main idea of the argument is contained in the proof of The- 
orem 1 of 66 , but it would be a little disingenuous to cite this result without 
further comment because, as written, the proof does not keep track of types. It is 
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not difficult to change the argument so that it does, however. We indicate what 
needs to be changed in order to prove the result we want. Because of our assump- 
tions about the weight of it and the degree of K, the lemma can be deduced from 
a purely combinatorial statement about automorphic forms for the group of units 
of the totally definite quaternion algebra D over K of discriminant 1. We need to 
check that the system of eigenvalues associated to ttd (the transfer of tt to D x ) is 
congruent to the system of eigenvalues associated to an automorphic representation 
■n' D which is Steinberg at some place q (this much is done in |66| ) and furthermore 
such that ir' D p has type cr p at all places above I. We do this by mimicking Tay- 
lor's argument with the following changes. Instead of working at level Ti(n) as 
in [66 , we work with a more general compact open level structure U, assumed for 
simplicity to be a product of local factors t/ p C GL2 (K p ) , for p running over the 
finite places of K. For p \ £ we further assume that Up is a normal subgroup of 
GL,2(0p), with Op the integers in K v (all this can be achieved by shrinking U if 
necessary). We define Gg to be the finite group n p |£(GL 2 (C>p)/[/p); the group Gg 
then acts on the space of automorphic forms of level U. Let a — <8>p|£cr p , so a is a 
finite-dimensional smooth complex irreducible representation of Gg, and fix a num- 
ber field N which contains F, splits D, contains the trace of a(g) for all g £ Gi and 
furthermore contains the values of the (algebraic) central character ip of ttd- As in 
Taylor's paper we define SB ^(U) — SB ^(U; C), the finite-dimensional complex 

vector space of weight (k,w) automorphic forms of level U for D x . Note that our 
k is Taylor's k and our w is his /i, and that strictly speaking Taylor only consid- 
ers the case w = max{fc T — 2}, but his arguments never assume this. We define 
SB . (f/)-ii to be the subspace of SB . (U) where the centre Z of D x (Ak) acts via 

(k,w) v 1 r {k,wj v ' x ' 

the character ip. Note that for a fixed U and (k,w) there are only finitely many 
characters ip for which SB (U)^ is non-zero by finite-dimensionality of SB W AU). 
Furthermore the infinity type of such a ip is determined by w; the character ip is 
an analogue of the Dirichlet character associated to a classical modular form. For 
R a subring of C containing the integers of N we define SB (U;R) as in Taylor's 

paper, and set SB AU ; R)^ = SB AU; R) n SB AU)^. These spaces all have an 

{ fZ k ID ) [ K/ • ID ) I n! . ID ) 

action of G#; we define SB AU)^ to be the tr-eigenspace of S/% w s(U)il> (that is, 
the C[G^]-direct summand of SrtAU)^ cut out by the idempotent in C[Gg] cor- 
responding to a), and we define SB AU; R) a ,^ to be SB AU; R) n SB AU) a ^. 

I fZ k ID ) I rC k ID ) { K/ \ 1D ) 

Note that the natural projection map &B_ AU) — > S(£ w AU)a,ip typically does not 
induce a map SB AU;R) — > SB AU;R)„^ because of denominators, but some 

{k,w) {k,wj ' r 

positive integer multiple of it will do. More precisely, define N(U) to be the prod- 
uct of the order of Gg and the order of the finite group K x det(U)\A^ / (K^)" . 
The composite of the projection map above and multiplication by N(U) induces a 
map e : SB AU; R) -> SB AU; R)„ *p such that the composite SB AU; R) a ,ib Q 

[ rC . ID ) [ rC j ID ) ( nJ . ID ) 

S (k W )^ U;R ^ ~^ S {k w )^ J ' lR ^' 7 ^ is multi P lication b y N (U)- Note crucially that 
N(U) =N(UnU (q)), and that e 2 = N(U)e as endomorphisms of SB (U;R). 

Contrary to what Taylor implicitly asserts, there is in general no SL2 (-R)-invariant 
perfect pairing on Symm a (i? 2 ) if R is not a Q-algebra. However if R is a subring 
of C then there is an SL,2(-R)-invariant injection from Symm a (i? 2 ) to its i?-dual, 
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with cokernel killed by some positive integer C (which depends on a but not on 
R), and this induces a pairing on Symm a (i? 2 ) which is not perfect but which will 
suffice to prove the result we need (some of Taylor's constants need to be mod- 
ified by this constant). Taylor uses this pairing to produce a perfect pairing on 
S^. JU;C) and the analogue of this pairing that we shall need is the induced per- 

feet pairing between Sji . {U ; C) a ^ and S% AU; C) a * ^* , where cr* = er(x ° det) 

and tp* = tp(x ° det), where x is the finite order Hecke character associated to ttd 
on p. 272 of [66] and det is the reduced norm D x — > GL\. The reason for this twist 
is that the SL2-invariant pairing on the coefficient sheaves is not GL2-invariant. 

We now run through Taylor's argument on pp. 272-276 of loc. cit., making the 
following changes. If Sj?(Ui(n);R) occurs on the left hand side of a pairing, we 
replace it by S^i w j{U; R)a,i>] if it occurs on the right hand side then we replace it 

by SQJU; R) a *,ip»- We replace Ui(n; q) with U n r (q) (with L (q) denoting the 
usual level structure, namely the matrices which are upper triangular modulo q), 
and replacing the Hecke algebra T^(n) in [66] by the sub-Z-algebra T,g w \(U) a rf 
of Endc(S^£ w ^{U) a ^) generated only by Hecke operators T q at the unramified 
primes q. These Hecke algebras are as big as we shall need for our application — we 
do not need to consider the operators Sq as we have fixed a central character, and 
we also do not need to consider Hecke operators at the ramified places. 

The analogues of the assertions about direct sums in Lemma 1 of [BB] are still true 
on the (cr, ^-component of S% AU). Taylor's map i commutes with the action of 

G(. and with the action of Z, and the analogue of Taylor's Lemma 2 holds (indeed 
the proof given remains valid when Sj?(ri) is replaced by Sji AU) a ,-4i etc., as the 

map v also commutes with the Gi and Z- action). The analogue of Lemma 3 that 
we need is that for a fixed compact open subgroup X C GLi(A^) there are positive 
integer constants G\ and C2 such that for any compact open U with det(U) = X 
we have 

and for / € S% {U; C)^ with 

(f,S^ w) (U;R) a ,,^)QR 

we have C2/ € (u;R) at ^. The statement about C\ follows from Taylor's 

Lemma 3, and that about C2 can also be deduced from Taylor's result, the com- 
ments about C above, the fact that the pairing (,) restricts to the zero pairing 
between the (a, ■0)-eigenspace and the (a', -0')-eigenspace if (a',ip') 7^ (a*,ip*) (us- 
ing the argument on the bottom of p. 272 of 66 ) and the existence of the "projector" 
e above. 

We need the (cr*, tp*) -analogue of Lemma 4 of [66] and this is true — indeed it 
can be deduced from Lemma 4 of [66] by restricting to the (cr*, ?/>*)-eigenspace. 

We can now prove the analogue of Theorem 1 of [66 (where we replace Taylor's 
Hecke algebras with ours as indicated above); we simply mimic Taylor's beautiful 
proof on p. 276 of loc. cit.; the assiduous reader can check that we have explained 
the analogues of all the ingredients that we need. Now using a standard Cebotarev 
argument we deduce that given ttjj of weight (k, w), we can find a prime q { I of K 
at which ttd is unramified principal series and such that the associated system of 
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eigenvalues of w ^(U) a ,ip is congruent (modulo some prime above i) to a system 
of eigenvalues occurring in T ^ w) (U (q))™$ . □ 

Using this beefed-up version of Taylor's level-raising theorem, we can deduce 
a beefed-up version of Proposition 12.51 Suppose that k € Z Sk and w € Z with 
k T > 2 and of the same parity as w for all r. For each p\£, suppose that a p 
is a smooth irreducible representation of GL2(Ok, p ). Via our fixed embeddings 
Q — » C and Q > Q £ , and our identification of the residue field of with P^, 
we can unambiguously define the semisimplification W v of the mod I reduction of 
<7 P ; so CTp is a representation of GL2(Ok,p) on a finite-dimensional F^-vector space. 
Define a :— <8>p|^cr p and a :— ®p\e<Tp- Finally let Gg denote a finite quotient of 
GL2 (C>if ® Z^) through which a factors. 

Proposition 2.10. For an irreducible representation p : Gk — > Gl^F^), the 
following are equivalent: 

• p ~ p w /or some cuspidal holomorphic weight (fc, w) automorphic represen- 
tation 7r o/GL2(A^) sucA that 7r p ftas iype o~p for each p\£. 

• p is modular of weight V for some Jordan-Holder constituent V of 

W := cr v <g> (g) (g) (det (™- fc -)/ 2 Syrnm fe -- 2 fc 2 ® T . 

Proof. Lemma l2. 91 shows that p ~ TV for some 7r as above if and only if there are D 
and U as usual, and a compact open subgroup U" of J7 with U /U" = Gi, such that 
p is the mod I reduction of an irreducible 2-dimensional Q^-representation p which 
is a direct summand (equivalently, a sub-quotient) of Home,, (er, Hp(Y ut , -^,J 7 x,U"))i 
with J^x,!/" the _E,\-sheaf constructed by Carayol on -Xj/" corresponding to (k,w) 
(where here we assume U is small enough for the projection cf> : Yw — > Yjj to 
be etale with covering group G#, and furthermore that our coefficient field E\ is 
assumed large enough to satisfy the conditions that Carayol requires of it, and 
also large enough to afford a model for a and to ensure that all the irreducible 
subquotients of H 1 (Y (J „ j^,J-x,u") have dimension either 1 or 2). By Lemma l2~27 b) 
the latter condition on p is equivalent to p being isomorphic to the mod I reduction 
of an irreducible 2-dimensional subquotient of Home, (a, H 1 (Y U , I , Tx.u"))- 

Now let let J" CT v denote the i^-sheaf on Yy associated to the dual of er, and 
let Txjj denote the £\-sheaf constructed by Carayol on Yjj and corresponding to 
weight (k,w). Then 

RomG^H^Y^^Tx,^)) = ^(Vl.^t/")^^' 

= H 1 {Y V „ :K , T x ,v" ® 4>* ^v) G « 
= H 1 (Y ut , w , cp* [Fx,u ® F*-)) Gt 
= H^Y^x^xv®^), 

the last equality coming, for example, from the Hochschild-Serre spectral sequence 
and the fact that the order of Ge is invertible in the (characteristic zero) field Ex- 
Let Ox denote the integers in Ex, let T^u and J-® v be C>A-lattices in Tx,u 
and T n y and set F° := J~xu ® 3~® v . We then deduce that an irreducible p is 
the reduction of an irreducible as above if and only if it is a subquotient of 
H 1 (Y u -^ 7 J :0 ) t:f /X, where A denotes the maximal ideal of Ox and tf denotes the 
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maximal torsion-free quotient. Now a standard argument shows that this is so if 
and only if p is a subquotient of H 1 (Y u -^,J-°/X) (the torsion in iJ 1 (F (7 ^, T a ) is a 
sub-quotient of H a {Yjj^,F Q / l N ) for some N and hence the Galois representations 
arising as subquotients of it are all 1-dimensional by Lemma [2.2f a), and the cokernel 
ofthe injection H 1 (Y u7l , T°)/X -> H 1 (Y U ^,J :0 /X) is contained in H 2 (Y u;E , J"°)[A] 
and hence in H 2 (Yjj^, J 70 /A ) for some TV, and the irreducible subquotients of this 
group are also all 1-dimensional by Lemma I2.2f a)). To finish the proof it suffices 
by Lemma [2.41 to check that J 70 /A g) F^ and W'(l) have the same Jordan-Holder 
factors, which follows immediately from the definitions. □ 

For t £ Sp , we denote by u; T the fundamental character of Ik p defined by 
composing r with the homomorphism Ik„ — > fcp* obtained from local class field 
theory (with the convention that uniformizers correspond to geometric Frobenius 
elements). We then have the following compatibility among determinants, central 
characters and twists. 

Corollary 2.11. (1) If p is modular of weight V and V has central character 
®P\iUreS p tCt > then 

detp|z^ = ]J "r +1 

for each p\£. 

(2) let x '■ Gk — > F^ be such that x\ik v = HreSp w r T f or eac ^ PK- Then p is 
modular of weight V if and only \p is modular of weight V ®V X , where 

Proof. (1) Let T denote the Teichmiiller lift ofthe norm map N : (0/£) x — > F^ x . By 
Lemma 2.7 there is an irreducible Q^-representation a of G such that the reduction 
of <7 v <X>(T -1 odet) contains V as a Jordan-Holder factor. By Proposition ^. 101 we see 
that if p is modular of weight V then p ^ p^ for some ir of weight (2, 0) and type a. 
Now by section 5.6.1 of [13] we see that det^) = x^ 1 ^ 1 where x* is the central 
character of ir and ui is the cyclotomic character. Now x-n can be computed on O k ^ 
because it is the central character of Op , which is the inverse of the central character 
a v of o-p . We deduce that det(p)|/ p = ctpUJ^ 1 — ctpNp 1 , where N p = JJ TeSp is 
the map Ik — > kp — > Fg. Finally the fact that V is a Jordan-Holder factor of the 
reduction of c v (8) (T -1 o det) implies that the central character of V (considered 
as a representation of GL2(fep)) is ap.A^p" 2 and the result follows. 

(2) is simpler and could have been deduced earlier; in fact it is immediate from 
Lemma [2~31 and Lemma HOT ab □ 

Recall that for K — Q, every modular p arises from a form of level prime to 
t and some weight k > 2. Moreover, after twisting /?, one may take the weight k 
to be in the range 2 < k < I + 1 (see [3]). This is in general false for larger K. 
Indeed if p arises from a form of weight (k,w) and level prime to £, then we see from 
the preceding results that detp|/ p = w™ -1 for all p\£, and it is easy to construct 
representations none of whose twists have this property: choose for example an odd 
prime I inert in a real quadratic K, and a totally odd p such that det p\i t = for 
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some odd integer a (where r : Ok/£ — > F^); see [H] for some explicit examples. On 
the other hand, it is still the case that every modular p arises from a form of weight 
(2, . . . , 2) and some level not necessarily prime to £. Moreover, after twisting p, we 
can assume the form has level dividing n£ for some n prime to £. 

Corollary 2.12. For an irreducible p : Gk — > GL^F^) the following are equivalent: 

(1) p ~ ~p^ for some holomorphic cuspidal automorphic representation tt of 
Gh 2 {A K ); 

(2) p ^~p^ for some cuspidal automorphic representation tt o/GL2(Ak) which 
is holomorphic of weight (2,0); 

(3) XP ~ P?r f or some character \ an d some cuspidal automorphic repre- 
sentation tt of GLi2(Ax) which is holomorphic of weight (2,0) and level 
U = U e .Ui(£) (the adelic analogue of "level T^i) at £"); 

(4) p is modular of weight V for some Serre weight V . 

Proof. It is clear that (3) => (2) =*> (1). Proposition |2~TU1 shows that (1) => (4) if 
k T > 2 for all r; if some of the k T are equal to 1 then one has to first multiply by an 
Eisenstein series to increase the weight k: more formally one uses the Deligne-Serre 
lemma and Lemma 5.2 of [13] • Finally we need to show that (4) => (3). If (4) holds 
then by Lemma \2. 81 there is an irreducible (^-representation a of G with a (o i) _ 
fixed vector such that the reduction of er v ® <^) p |£ ® T es p det -1 contains some twist 
of V. We deduce (3) from Lemma HHi;2) and the case (fc, w) = (2, 0) of [2~TUl □ 



3. The weight conjecture 

Suppose that p : Gk —> GL 2 (F^) is continuous, irreducible and totally odd. The 
aim of this section is to provide a conjectural recipe for the set of V such that p is 
modular of weight V. 

For each prime p of K dividing £, we will define a set of representations W p (p) of 
GL 2 (fc p ) depending only on p\i Kp , and then define the conjectural weight set W(p) 
as the set of Serre weights of the form V p with V p £ Wp (p) . 

We need some more notation before defining W p (p) . With our prime p dividing 
I fixed for now, we write simply k, f and S for fc p , / p and S p . Fix an embedding 
K — > K p and identify D — Gk p and I = Ik p with subgroups of Gk- Let K' p be 
the unramified quadratic extension of K p in K p and let kl denote its residue field. 
We let S' denote the set of embeddings k! — > F^, let D' = Gk 1 and define a map 
7r ; S' — y S by t' i — y t'\^ . 

Suppose that L C K p is a finite unramified extension of -Kp and a is an embed- 
ding of its residue field Ol/£Ol in F^. We denote by uj a the fundamental character 
of I = II defined by composing a with the homomorphism II —> (Ol/£Ol) x 
gotten from local class field theory. 

In defining W p {p), we treat separately the cases where p\d is irreducible and 
where it is reducible. 
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3.1. The irreducible case. If p\n is irreducible, we define Wp(p) by the following 
rule: 




P\i r 

(1) 

for some J C S' such that n : J^^S. 

Since p\o is irreducible, there is a character £ : D' — » F^ such that p\u ~ Ind^,£. 
We define 

= { i j c tt : j^^, = n < t n ^ <t,) >■ 

reS t'EJ 

Thus W p (p) = { V | (V, J) e W'(£) for some J }. (Note that replacing £ by its con- 
jugate under D/D' replaces J by its complement.) We shall see that the projection 
maps W'(£) ->• W p (p) and W(£) ->■ { J C S" |tt : J^S} are typically bijections, 
so that typically (but not always) |Wp(p)| = 2?. 

We now choose an element of 5" which we denote Tq, and then let t[ = Tq o Frob^ 
and r, = ti{t[). Note that 5 = { n \ i <= Z//Z } and 5' = { t| | i e Z/2/Z }. Letting 
w = w To an d w ' = we h- avc = u l \ U3 T > — and uj = (o/)^ /+1 . Note that 

£|/ = (a/)™ for some n mod — 1, and since p\o is irreducible, n is not divisible 
by^' + l. 

For B C {0,...,/— 1} (where the symbol C includes the case of equality), let 
J B = {t'S e B}U {r' f+i \i <£ B}. If a e Z/(^ - 1)Z, & = (b , . . . , bf-t) with each 
6 4 G and £? C {0, ...,/— 1}, let 



U a,b,B 



a (e f + + bit + S bi£f+i mod ~ L 



Then W'(£) is in bijection with the set of triples (a,b,B) as above with n = 
n 'ab b mod ^ ~ ^' ^ ow note ^ or cac ^ L ^ c "i^, 1}, there is a unique such 

triple (a, &, B) with this property for each solution of 

n = ^ ~ bit mod £/ + 1 

with &0) • ■ • j € {1 5 • ■ • 5 ^}- But the values of ^2 ieB hi 1 — J2igB &*^' are the ft 
consecutive integers from n' B — & to n' B — 1 where 

iEB i£B 

so there is a solution as long as n ^ n B mod 1? + 1 and this solution is unique. We 
have thus shown that W (£) is in bijection with the set of B such n ^ n' B mod £f + l; 
moreover the projection — > { J C 5' | vr : J^^S 1 } is injectivc. 

Note that if / is odd and B is either {0, 2, 4, ...,/- 1} or B = {1, 3, 5, ... , /-2}, 
then n' B = mod fJ + 1. To see that the converse holds as well, observe that 

ff- 1 - 1 ff +1 - 1 

-(£' + 1) < -^^3T- ^ n B < -J^T < + !)■ 
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Thus if n' B = mod V + 1, then n' B = or V + 1. If n' B = 0, then solving 

E f+1 -E r + 1 = mod r 

by induction on r, we find that / is odd and B = {1, 3, ...,/ — 2}. Similarly if 
n' B = £ f + 1, then / is odd and B = {0, 2, . . . , / - 1}. 

We now show that if / is even, then the 2? values of n' B mod £f + 1 are distinct. 
First note that 

n' s = -1 + (£ + 1) E (-!)^ mod ^ + !. 

where B* = ({0, 2, . . . , /-2}nB)U({l, 3, . . . , f-l}\B). Thus n' Bi = n B2 mod £ f +l 
if and only if 

E (-i)^ = E mod + 

where d = gcd(^ + 1,^ + 1) < £ - 1 (so d = 2 if £ is odd, and d = 1 if ^ = 2). 
But these two sums differ by at most (£f — l)/(£ — 1) < ip + l)/d, so the above 
congruence holds if and only if equality holds, in which case B\ = B%, so B\ = B 2 - 
Next we show that if / and £ are odd, then the 2-^ — 2 non-zero values of n' B mod 
£* + 1 are distinct. In this case we have 

n' B = (£+!) J2 (-!)^ m °d £ f + 1, 

where £?* = ({0, 2, . . . , /-l}nB)U({l, 3, . . . , /-2}\S). Thus n' Bl = n' B2 mod ^+1 
if and only if 

E (-1)*^ = E mod + + 

i6B* i£SJ 

But these two sums differ by at most (£ f - !)/{£ - 1) < 2{£? + !)/{£ + 1), so if the 
above congruence holds then either equality holds, in which case B\ = B 2l or 

/-i 

E(-i)^ = Et-^ + Et- 1 )^ 

exchanging £?i and i?2 if necessary. Solving mod £ r inductively on r, we see that 
the only possibility is that £?* = and i?2 = {0, 1, . . . , /— 1}, but these are precisely 
the cases where n' B = mod + 1. 

Finally suppose that / is odd and £ = 2. In this case we have 

^e3^(-1)'2' mod 2 / + l, 

iEB' 

where 5* = ({0, 2, . . . , / - 1} n B) U ({1, 3, ...,/ — 2} \ £?). In particular n B = 
mod 3. Moreover we have the inequality \n' Bi — n' B2 \ < 3(2^ + 1), showing that 
each congruence class mod 2^ + 1 arises as n' B for at most 3 values of B. It follows 
that each of the (2* — 2)/3 non-zero multiples of 3 mod 2-^ + 1 arises as n' B for 
exactly 3 values of B. 

We have thus proved the following propositions: 
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Proposition 3.1. Suppose that £ is odd. If f is even, then the congruence classes 
mod I' + 1 of the form 

-l + (£+%) 

i£B* 

are distinct and non-zero as B* runs through all subsets of {0, 1, . . . , / — 1}. // / 
is odd, then the congruence classes mod V + 1 of the form 

iEB'- 

are distinct and non-zero as B* runs through all non-empty proper subsets of 
{0, 1, . . . , / — 1}. Letting A denote the set of such classes in each case, we have 

I*™ ={£•-., tit 

where £|j = (ui') n . 

Proposition 3.2. Suppose that I — 2 and £|/ = (ui') n . Then 

!2> — 1, if f is even, 
2f, if f is odd and 3 \ n, 

2? — 3, i/ / is odd awe? 3 | n. 

Multiple £? can occur with the same (a, b); for example if / = 3 and n = 1, 
then (-£ 2 , (1,4 1), {0, 1}) and (-£ 2 , (1, £, 1), {0, 2}) are both in W'(£), so the map 
W'(£) -> Wp(p) is not injective. (In this case in fact, |W'(f)| = 8, but \W p {p)\ = 6.) 

Proposition 3.3. The map W(£,) — ► Wp(p) /a& to 6e injective if and only if 
l r n = m mod 1$ + 1 /or some integers r, m with \m\ < £(£t~ 2 — l)/(£ — 1). 

Proof. Suppose first that W'(£) — > W p (p) is not injective. This means that for 
some a, b and B\ ^ B 2l we have 

(2) n = n' Tn =n' Tn mod^ 2/ -l. 

v 7 a,fc,±?i a,b,B2 

First we note that £>2 cannot be the complement B\ of B\ in {0, ...,/— 1} since 
n' t a = n' ee £ f n' - mod £ 2/ - 1 

a,b,B± a,b,B\ a,b,B\ 

would imply n ee mod + 1, contradicting the irreducibility of p|£>. We thus have 
J%^= S' \J\, where J\ = Jb x and J 2 = Jb 2 . One now checks that (possibly after 
switching Ji and J 2 ) we may find t E Z/2/Z so that t[_ 1 g J\\J 2 and r 4 ' G J\C\J 2 . 
We then have 

£ /_t n = n' , „ = n' , r , D , mod £ 2f - 1, 

a f ,b',B[ a',b',B f 2 

where a' = £~ l a mod — 1, &■ = Oj +t mo( j / for % € {0, ...,/— 1} and -B^ is such 
that Jg/ = J u o Frob^ - * for v = 1,2. Replacing n with £f~ t n, we may thus assume 
that ri 1 G Ji\ J2 and r' f £ JiD J 2 , or equivalently, f—leB 1 \B 2 and ^ B 1 UB 2 . 
Returning to the congruence ((2|), we have 

^ he + i s b i £i = bi£i + £f bit mod i2f ~ 1 > 

or equivalently, 

^ ee W l mod ^ + !■ 

i£Bi\S 2 ieB 2 \B x 
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Since each sum is less than 2(£* + 1), they must either be equal or differ by £f + 1, 
and since ^ B\ U B 2 , each sum is divisible by £, so in fact equality holds. Since 
/ — 1 e B\ \ B 2 , we have 

/-i 

b } -id f - 1 < b * e = Yl bi£i - J2 £i < 2£/_1 ' 

ieSi\s 2 ies 2 \Si i=2 

so = 1. Moreover if 6/-2, &/-3, • • • , &s+i are all less than £ for some s < f — 2, 
then we must have 6/_2 = &/-3 = • • • = b s+ i = I— 1 and / — 2, / — 3 . . . , s € B 2 \B\, 
for if either fails, we find that 

i6B 2 \Si i=a+l i=2 

Since ^ B 2 \B\, we conclude that for some s with < s < / — 1, we have 
(&„&.+!,..., 6/_i) - (£,£-!,...,£ -1,1) and «,« + 1, ...,/- 2 e S 2 \ B x . It 
follows that 

n = ^2 bit ~ ^2 = W ' - H fe^mod^' + l, 

iS-Bi i^-Bi i£Si,i<s i^B 1 ,i<s 

and this last difference has absolute value at most £(£?~ 2 — l)/(£— 1). 

Conversely suppose that ^ r n = m mod £j + 1 for some r, to with |m| < £(£f ~ 2 — 
l)/(£— 1). Replacing r by r + / if necessary, we may assume to > and then 

£°-l £*-l 
— ^ m ~ 1 - — 

for some s with < s < f — 1. We can then write to = X)i=o f° r some 
&o,&i,--- , & s -i € {1, . . . ,£}. We can then choose a e Z/(^ — 1)Z so that 

where 6 = (6 , & s _ 1; £, £ - 1, * - 1, 1), Bj = {0, 1, ...,/- 2} and B 2 = 

{0, 1, . . . , s — 1, / — 1}. We conclude that 

ra = n' , - = n' - mod £ 2/ - 1, 

a',b',B[ a' .V ,B' 2 

where a' = £r r a mod ^ — 1,6- = 6 i+r mo( j / for i £ {0, . . . , / — 1} and B' v is such 
that Jb> = Jb v ° Frob7 r for v = 1, 2. □ 



3.2. The reducible case. Now suppose is reducible, write p\o ~ 



Xi * 

X2 

and let c p denote the corresponding class in H 1 (K p , XiX^ 1 )- Consider now the set 
of pairs 

w(xi,x2) = { (v Sti , j) i j c s, X i\i = n < t n ^'X2ii = n < t n ^ >> 

with 7Ti and 7T2 denoting the projections (V- g, J) i-> V s g and (V- g, J) ^ J. Note 
that interchanging xi an d X2 replaces J by its complement. We shall see that 
the projection map ir 2 : W (xi,Xz) {J C S} is typically a bijection, so that 
typically |W'(xi,X2)| = 2 A However Wp(p) will be dehned below as a subset of 
iri(W'(xi,X2)) depending on c p . 
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We now analyse the set W'(xi, X2) in a manner analogous to the irreducible case. 
We write x„ = cj"" with n v <G Z/ — 1)Z for v = 1, 2, and we let n = ni — n2. If 
a£ Z/(£f-l)Z,b= (6 ,...,6/-i) with each 6, e {1,...,^} and B C {0,...,/-l}, 
let 

n a 6 B = fl + E m ° d ^ ~ L 

Then W'(xi, X2) is in bijection with the set of triples (a, b, B) as above with m = 
n ab b mod ^ — 1 and ri2 = n a g-g mod £^ — 1 where £? is the complement of B in 
{0, . . . , / — 1}. Note that for each B C {0, ...,/— 1} there is a unique such triple 
for each solution of 

n = W l - E hlt mod f/ ~ L 

i£B i^B 

with 6 ) • ■ • i bf-i € {1, . . . , £}. But the values of J2ieB — SigB are * ne ^ 
consecutive integers from n B + 1 — to where 

-* = E^ +1 -E^ 

ieB igB 

so there is a unique solution if n ^ n B mod fJ —1 and two solutions if n = n B mod 
£^ — 1. In particular the projection W'(xi 1 X2) {J C S} is surjective and 
\W'( X i,X2)\=2 f + \{B\n = n B mod £f 

We now show that if / is odd, then the 2? values of n B mod £f — 1 are distinct, 
unless I — 2 or 3, in which case "{o,...,/-i} = "0 mod 1$ — \ and the rest are distinct. 
First note that 

n B = -1 + {£ + 1) (-1)^* mod ^ - 1, 

ies* 

where B* = ({0, 2, . . . , /-l}nB)U({l, 3, . . . , f-2}\B). Thus n Bl = n B2 mod ^-1 
if and only if 

(-1)^ = E mod ( £/ - 

i6B* *6B| 

where <i = gcd(£+l,fJ — 1). If £ > 3, then = 2 and the two sums differ by at most 
(£ f - !)/{£ - 1) < {£J - l)/d, so the above congruence holds if and only if equality 
holds, in which case B{ — B%, so B\ = B 2 . If £ = 2 or 3, then d = £ - 1, but the 
two sums differ by — !)/(£ — 1) only when one of B\ or B2 is {0, . . . , / — 1} and 
the other is empty. 

Now consider the case where / is even and £ > 3. We then have 

n B = {£ + 1) Y mod £ f - 1, 

ieB* 

where B* = ({0, 2, . . . , /-2}nB)U({l, 3, . . . , f-l}\B). Thus n Bl = n B2 mod ^-1 
if and only if 

(-!)'* = E mod - w+ !)• 

ieBJ 1 i6B| 

But these two sums differ by at most (£f — !)/{£— 1), which is less than 2{£f — 
!)/(£+ 1). So if the above congruence holds then either equality holds, in which 
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case B\ = B 2 , or 

/-1 

]T(-1)T= £(-i)T + £(-i)T, 

exchanging Bi and B 2 if necessary. Solving mod£ r inductively on r, we see that 
the only possibility is that B{ = and £?2 = {0, 1, . . . , / — 1}, in which case 
n Bv = mod £? — 1. 

If / is even and £ — 3, then the situation is the same, except that we have 
(£f — l)/(£— 1) = 2(£j — !)/{£+ 1), so in addition to the possibilities that arose for 
£ > 3, we have 

//,,;. * 1 , = n = - l)/2 mod ^ - 1 

as for odd /. 

Finally suppose that / is even and £ — 2. In this case we have 
nB = 3 (- 1 ) i2 * mod 2/ - ! 5 

where B* = ({0, 2, . . . , / - 2} n B) U ({1, 3, ...,/— 1} \ S). In particular n B = 
mod 3. Moreover we have \tib 1 — ub 2 \ < 3(2^ — 1) with equality possible only 
when one of B\ or B 2 is {0, . . . , / — 1} and the other is empty, in which case 
ub u = mod 2^ — 1. Thus each non-zero congruence class mod 2^ — 1 arises as ub 
for at most 3 values of B, while arises for at most 4. It follows that each of the 
(2* — 4)/3 non-zero multiples of 3 mod 2-^ — 1 arises as ub for exactly three values 
of B, while arises for exactly four values. 

We have thus proved the following propositions: 

Proposition 3.4. Suppose that £ > 3. If f is odd, then the congruence classes 
mod £f — 1 of the form 

-! + {£+!) ]T(-1)T 

ieB* 

are distinct and non-zero as B* runs through all subsets of {0, 1, . . . , / — 1}. // / 
is even, then the congruence classes mod £f — 1 of the form 

(l+l) 

are distinct and non-zero as B* runs through all non-empty proper subsets of 
{0, 1, . . . , / — 1}. Letting A denote the set of such classes in each case, we have 

{2-^ + 2, if n = mod £f — 1 and f is even, 
2f + l, ifneA, 
2*, otherwise. 

Proposition 3.5. Suppose that £ = 3. If f is odd, then the congruence classes 
mod 3^ — 1 of the form 

-1+4 M)' 3 * 

are distinct and non-zero mod (3-^ — l)/2 as B* runs through all the subsets of 
{0, 1, ...,/— 1} other than {0,2, ...,/ — 1} and {1, 3, ...,/ — 2}. If f is even, then 
the congruence classes mod 3^ — 1 of the form 

i£B* 
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are distinct and non-zero mod (3^ — l)/2 as B* runs through all non-empty proper 
subsets o/{0,l,...,/-l} other than {0,2,..., /- 2} and {1, 3, ...,/- 1}. Letting 
A denote the set of such classes in each case, we have 

{2* + 2, ifn = mod £ f - 1 and f is even, or n = {£* - l)/2 
2/ + 1, i/tieA 
2^, otherwise. 

Proposition 3.6. Suppose that 1 = 2. Then (all congruences on n below being 
modulo 2^ — I) we have 



\W'{ X i,X2)\ 



2^ + 4, if n = and / is even, 

2-^+3 if n ^ 0, 3 | n and f is even, 

2^+2, if n = and f is odd, 

2-^ + 1, if n ^ and f is odd, 

2* , i/ 3 { n and / is even. 



Note that "3 | n" is well-defined when / is even (as then n is an integer modulo 
4>V 2 - 1 which is zero mod 3). As in the irreducible case, multiple B can occur 
with the same (a, b). 

Proposition 3.7. The projection map from W(xi,X2) ° n to Us first component 
fails to be infective if and only if £ r n = m mod £f — 1 for some integers r, m with 
\m\ < maji{0,£(£f- 2 - 1) /{£-!)}. 

Proof. The statement that the projection map from W \xi1X2) to its hrst compo- 
nent is not injective is equivalent to the statement that for some a, b and B 1 ^ B 2 , 
we have 



and 



"1 = n a,b, Bl = n aAB 2 mod * f 



no — n ts — n t^s mod £■* — 1, 

z a,b,Bi a,o,i?2 



where B denotes the complement of B in {0, 1, 2, ...,/— 1}. 

We first deal with the special case n = mod £f — 1. In this case the map is 
never injective; take b = (£ — 1, £ — 1, ...,£— 1), B\ = {0, 1, ...,/— 1} and B 2 = 
(with the appropriate value of a) . 

So let us now assume that n ^ mod £f — 1. Suppose first that the projection 
map is not injective. Because n ^ we check that B 2 cannot be the complement 
of Bi (note that this finishes the proof in the case / = 1). We can then assume 
/ - 1 € B 1 \ B 2 and £ {B x \B 2 )U(B 2 \B 1 ) after exchanging B x and B 2 and 
multiplying n by a power of £ if necessary, and complete the argument as in the 
irreducible case. □ 

For each pair a = (V s g, J) G W'(xi, X2) we shall define below a subspace L a C 
H 1 (K p , Fi(xiX2 1 )) 01 dimension |J| +(5, where 5 = except in certain cases where 
X1X2 1 i s trivial or cyclotomic. We then define W p (p) by the following rule: 

V S.b e W p(P) if and onl y if c p e L <* for some a = (^g, J) € W"(xi,X2)- 

Note in particular that W p (p) C 7ri(W^'(xi, X2)), with equality if c p = 0, that is, if 
p\D is split. 
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Before defining the subspace L a , we recall some facts about crystalline represen- 
tations. Recall that a character ip : D —} Q* is crystalline if and only the filtered 
^-module D CTys (ip) = (B crys ®q € Qe(ip)) D is free of rank one over K p Q £ . 

For each r € S, let e T : K p ®q c Q e —> Q e denote the projection defined by 
a®b i — y f(a)b where f is the embedding K p — > reducing to r, and let e T D crys (ip) 
denote the filtered Q^-vector space D crys (ip) <g,Q e T 

Lemma 3.8. Suppose that ip is a crystalline character and for each reS, m T is 
the integer such that gr _mx e T D crys (ip) 7^ 0. Then ip\i — Ilres a; ™ T - 

Proof. Crystalline characters satisfying the first condition correspond to (weakly) 
admissible filtered ^-modules with the specified filtration. These exist, and any two 
such differ by an unramified twist. Taking tensor products, the lemma reduces to 
the case where m T = 1 if r = To and m T = otherwise. The result in this case 
follows for example from Theorems 5.3 and 8.4 of [29] , □ 

Recall that a — (V- g, J) G W'(xu X2) if and only if 

t£S tE.I t£.S t<£J 

Lemma 3.9. Suppose that a — (V s g, J) G W{xu X2)- Let m TiQ = b T if t G J and 

to TjQ — —b T if t f/L J . Then there is a unique lift Xa °J XiX^ 1 with the following 
properties: 

• Xa is crystalline with gr~ mT e T D clys (x a ) 7^ for each r G S; 

• if g E Z3 ab corresponds via local class field theory to £, then Xa(g) is the 
Teichmiiller lift of X1X2 (fl 1 )- 

Proof. Let ^ be a character satisfying the first condition. The preceding lemma 
shows that the reduction of ip is an unramified twist of XiX^ 1 - Let Xa — Sip, where 
S is the unramified character with 5(g) = XiX2~ 1 (f (and the tildes denote 

Teichmiiller lifts). " □ 

Recall that if ip : D — >• is a crystalline representation, then Bloch and Kato 
define a subspace Hj(K p , Q e (ip)) corresponding to those extensions of topological 
Q £ -D-modules 

Q e (ip) ->• E ->■ Q t ->■ 
which are crystalline. By Corollary 3.8.4 of [5] for example, we have 

dimHj(K p ,Q e (ip)) = dimH°{K pl Q e {iP)) + dim L> crys (?/>) - dimFil D crys (^) 

where the dimensions are over Q^. Applying this for ip = Xa for a = (V~ g, J) G 
W'{xi,X2), weseethatdim#)(iTp,Q^Xa)) = \J\- We then define Hj{K p ,%( Xa )) 
as the preimage of Hj(K p , Q^(xa)) under the natural map 

H\K pl Z e ( Xa )) ff 1 ^, Q/(Xa)) 
and LJ, as the image of Hj(K p , Z^(xa)) under the natural map 

H\K p ,Z t { Xa )) -> ^(^p.P/CxiXi" 1 )). 
We then let L a = except in two cases: 
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• if X1X2 1 i s tne cyclotomic character, b = (£,...,£) and J = S, then we let 
L a = H 1 (K p ,¥ i { X iX2 1 )); 

• if X1X2 1 ls the trivial character and J ^ S, then we let L a = L' a + L ur , 
where L m is the one-dimensional space of unramified classes in H 1 {K p , F^). 

Remark 3.10. Recall that in defining Xa we chose a lift (namely the Teichmiiller 
lift) of XiX2~ 1 (9)- If b T < £ for all t £ S, then one can show using Fontaine-Laffaille 
theory [33] that the space L' a is independent of the choice of lift. We expect this to 
be true even if some b T = £, except in the two cases where we accordingly modified 
the definition of L a . This independence of lift is proved for / = 2 by Chang and 
one of the authors in [14] . Remark 7.13. 

Remark 3.11. If XiX^ 1 i g the cyclotomic character, b — (1,...,1) and J = S, 
then Xa is the ^-adic cyclotomic character. In that case we have the isomorphism 
H 1 {K p , Qi{xa)) — (Kp T ®z e Qt by Kummer theory (where • denotes £-adic com- 
pletion), and one knows that Hj(K p , Qi(xa)) — {O^ )~®x t (these being the ex- 
tensions arising from ^-divisible groups). It follows that L a corresponds to ®¥g 

under the isomorphism H 1 (K p , F^xiX^ 1 )) = K p ®~Fz, hence consists of the classes 
which are peu ramifie.es in the sense of Serre [6 3) . 

Lemma 3.12. If a = (V s ^, J) € W'(xi,X2), then dimL Q = \J\ except in the 
following cases: 

(1) if X1X2 1 * s cyclotomic, b — (£,...,£), J = S and I > 2, then dimi^ = 
I J\ + 1; 

(2) if X1X2 1 * s trivial, then dimL Q = | J| + 1 unless either L UT (t L' a or b — 
(£,...,£), in which case dimL Q = \J\ +2. 

Proof. Note first that Hj (K p , Zi(xu)) contains H 1 (K p ,Zi(x a ))tor and that the 
quotient is free of rank \ J\ = dmiHj(K pj Qi{x.a))- Therefore the natural map 

H}(K t ,Z t (xa)) F * -> H\K P , Z t {xa)) ®z £ -+ H\K P , FtbciX?)) 

is injective and its image L' a has dimension \J\, unless xi = Xii i n which case 
the dimension is |J| + 1. If Xi 7^ X2, then the lemma is now immediate from the 
definition of L a and, in the cyclotomic J — S case, the local Euler characteristic 
formula. If xi — X2, then one also needs to note the following: 

• If J = S and b± {I,. ..,£), then b = {£ - 1, . . . ,£ - 1) and £ ur C L' a , for 
dimension reasons if £ > 2 and by Remark l3.11l if I = 2. 

• li b =(£,... ,£), then £ = 2 and J is either S or 0. In the latter case, 
L' a is spanned by the homomorphism Gk v — > F2 defined by the reduction 
of (uj 2 — l)/8, where uj is the 2-adic cyclotomic character. So in this case 

□ 

If p\d ~ (^q * J and c p is the corresponding class in H 1 (K p , F^xiX^ 1 )), we 
now define 

(3) W p (p) = {V\ 3J with c p e L a for a = (V, J) G W(xi, X2) }■ 

Note that if p\o ~ Xi © X2, or equivalently c p = 0, then W p {p) = 7ri(W'(xi, X2)) 
is independent of the choice of ordering of xi and X2- Note also in this case that 
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|Wp(/9)| has size approximately 2? , as in the irreducible case ([T]). Moreover if p is 
reducible, one knows by [7], Prop A. 3 or [2], Thm. 7.8 that |W p (/o)| = 2 d for some 
d G {0,...,/} depending on c p , provided XiX^ 1 i s generic in the sense that its 
restriction to Ik is of the form Ilres w t with b T G {1, . . . , I — 2} for all r £ S and 
^{(l,...,l),(£-2,...,f-2)}. 

Finally we remark that it is shown in |21] that in the cases where p\u is semisim- 
ple, the set W p (p) is related to the set of Jordan- Holder constituents of the reduction 
of a corresponding irreducible characteristic zero representation of GL^fc). 

3.3. Basic properties of the definition. The set W p (p) was defined in terms of 
the restriction of p to Gk p ■ We now check that it is in fact non-empty and depends 
only on the restriction to inertia. 

Proposition 3.13. If p : Gk GL^F^) is continuous, irreducible and totally 
odd, then Wp(p) is non-empty and depends only on p\i K ■ 

Proof. We first prove that W p (p) ^ 0. If p\c Kp 1S irreducible, then it is induced 
from a character £, and Propositions 13.11 and 13.21 show that W'(£) is non-empty, 
and hence so is W p (p) (note that if i' — 2, then n is not divisible by 3). If 

p\cw is reducible, then it is of the form ( ^ ), and we showed that the 
n Kf \0 X2j 

projection map W'(xi,X2) ~ * {J C S} is surjective. In particular, there is an 
element a — (V s g,S) € W (xi,Xa)' Moreover if X1X2 ^ s cyclotomic, we may 

choose b — (£,...,£), so that in all cases L a = H 1 (K p ,Fe(xiX2 1 )) by Lemma 13. 121 
and the local Euler characteristic formula. It follows that c p € L a and V- j € W p (p) . 

For the dependence only on inertia, first note that the irreducibility of p\c K 1S 
determined by p\i K (see for example section 2.4 of [24]). In the case that p\g Kv 1S 
irreducible, W p {p) is determined by W'(£), which depends only on £,\i Kp , which in 
turn depends only on p\i Kp ■ 

Suppose now that p\c Kp i s reducible and p' : Gk GL^F^) is such that 

P\i Kp ~ p'Uk,,- Changing bases, we may assume p\ GKp = and p\ IjCf = 

p'\i K . Note that the function Gk p /Ik p GL 2 (F^) defined by g i-> p'(g)p(5) _1 
takes values in Z(p(Ik p ))■ We divide the proof into cases according to the possible 
centralisers. 

Suppose first that XiX^ 1 is ramified and c p has non-trivial restriction to Ik p ■ In 
this case p\i Kf is indecomposable and has centraliser consisting only of the scalar 

matrices. It follows that p' = ijjp for some unramified character ip : Gk p F e . 
Since W(xi,X2) depends only on the restriction of xi an d X2 to Ik p , we have 
W'(V>Xi)te) = W(xi,X2)- Moreover the subspaces L a of H 1 (K p , F^xiX^ 1 )) do 
not change if p is replaced by an unramified twist, nor does the class c p . It follows 
that W p (p') = W p (p). 

Next suppose that XiX^ 1 is ramified and c p has trivial restriction to Ik p ■ Then 

in fact c p = 0, so we may assume p\g Kp — (^n ^ ^) • In this case the centraliser of 

to \ 

^2X2/ 



,0 X 2 y 

p(Ik p ) consists of the diagonal matrices. It follows that p'\g k 
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for some unramified characters ipi and ip2- Hence c p > = and W'fyiXi, ^2X2) = 
W ( X i,X2), so W p (p') = W p (p). 

Next suppose that X1X2 1 i s unramified and c p has non-trivial restriction to Ik p ■ 
In this case we have 



zWk v )) = \ (I xv x 



xeF e ,yeF t 



so if 5 e Gk p , then 

for some unramified character tp and cocycle p : Gk p /Ir p — > ^MxiX^ 1 )- I R partic- 



ular, p' ~ * f J with x'i(x 2 ) 1 = X1X2 Moreover if X i + X2, then c p , = c p 

in H 1 (K p ,Fi(xiX2 1 ))' and if Xi = X2, then c p > — c p G L ur . Since the spaces L a are 
the same for p and // and contain L ur if xi = X2, we conclude that W p (p') = W p (p). 
Finally suppose that XiX^ 1 i s unramified and c p has trivial restriction to Ik p , 

so 



p'{g) = Pig) = 



xi (9) 

Xi (.9), 

for g G I Kp . Note that c p = unless xi = X2> in which case c p G L ur , and similarly 
for c p ,. It follows that W p (p') = ^{W'{ X 'i, X2)) = MW'bcuXi)) = W p (p). □ 



We are now ready to state the weight conjecture. Recall that W(p) is defined 
as the set of representations of IIp^GL^fcp) of the form ®^pV p with each V p G 
W p {p). By the preceding proposition W(p) is non-empty and depends only on the 
restrictions of p to inertia groups at primes over i. 

Conjecture 3.14. If p : G K -> GL 2 (F£) is modular, then 

W(p) — {V \ p is modular of weight V}. 

We now check compatibility of the conjectural weight set with twists and deter- 
minants. 

Proposition 3.15. Suppose that p : Gk — > GL 2 (F^) is continuous, irreducible and 
totally odd. 

(1) Let X ■ Gk — > F^ be such that x\i Kp = IlreSp w r T f or eac ^ PK- ^/ien 
K £ fffp) if and only V ®V X € W(xp), where 

V x = ® pK ® T£Sp det Ct ® r F £ 

is an Fi-valued character of G. 

(2) IfV& W{p) and V has central character ® p \iY\ Te s p tCt ' > then det p\i Kf = 
Ures p u r T+1 f° r eachp\£. 

Proof. To prove the first assertion it suffices to show that V G W p (p) if and only 
if V <E>V Xp € W p ( X p) where X p = x|gk p and V Xp = <g) Te5p det c - ® r F e . If 
p| GfCi) - Indg,£ is irreducible, then (V, J) G if and only (V ® V^„,J) G 

W(^xp); yielding the assertion in this case. If pIg^ ~ * ^ is reducible, 

then a = (V,J) G W"(xi,x 2 ) if and only a' = (V ® V Xp , J) G W'( X iXp, X2X P )- 
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Moreover, since V- ? (8> V Xf is of the form V-, g, we see that \a = Xa' , so i Q = 

L a i C H 1 (Kp,Fi(xiX2 1 ))- Since also c p — c xp , we get the assertion in this case as 
well. 

To prove the second assertion, we can again work locally at primes p\£. Writing 
V = <S>p|£Vp, we have V p £ W p (p) for each p\£. If V p — V s ^, this gives det p\i K = 
FT a a (jj1 aT+hT . Since V- r has central character FT „ T 2a T +b T -i we nave 

/p-1 

^ c T / = ^ (2a Tj + b Ti - l)t mod (^ - 1). 

j=Q i=0 

Adding J^iLq 1 ^ to eacn side of the congruence, we deduce that Yl T&s w£ T+1 = 

Combining the first part of the proposition with Corollary I2.11f b) , we deduce 
the following: 

Corollary 3.16. Suppose that p : Gk GL^F^) is continuous, irreducible and 
totally odd and x '■ Gk —> F £ is a character. Then Conjecture \3.14\ holds for p if 
and only if it holds for XP- 

In the case K = Q, Conjecture 13.141 follows from known results on Serre's Con- 
jecture (see [48], Thm. 5 and [2], §2 for similar statements along these lines). 



Theorem 3.17. Conjecture \3. 1J\ holds if K = Q. 



4 o 




Proof. Replacing p by a twist, we can assume p\j e has the form 

q j| for some b with 1 < b < i — 1. In the second case we write p|gq { ~ 
Xl * i 

n . We shall also use w to denote the mod I cyclotomic character on Go 

U X2J 

or Gq, . 

In the first case we find that W(p) = {Vo,b, Vb—i,i+i-b}. In the second case, we 
have the following possibilities: 

' {(y o , 6 ,5),(y w -i- fc ,0)}, ifi<&<i-2, 

{(Voj-uS), (Vb^-i, 0)}, if = ^ - 1 and ^ > 2, 

W / '(xi,X 2 )-< {(Vb^5),(^o,i»'SO.(^-2 S 0)}, if6=land^>3, 

{(Vb^-2, 5), (^_ 2 ,i, 0), (V/-2.1, 0)}, if b = I - 2 and I > 3, 

k {(^,^),(Vo,i^),(Vi,,,0),(V lil ,0)}, if6=land^<3. 

Moreover, dimension considerations show that Liyn = H 1 (Gq i; , F(xix 2 ' 1 )) when- 
ever J = S, unless XiX^ 1 = w an d V = V(o,i), in which case -^(v,J) consists of the 
peu ramifiees classes (see Remark 13.111) . Considering dimensions in this case then 
gives that Lryn consists precisely of the classes which are peu ramifiees. Note also 
that L(y,J) = whenever J = unless XiX^ 1 i s trivial, in which case all we need 
to know is that if i = 2, then L( Vo 1 ^ is the set of peu ramifiees classes by a direct 
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calculation. This gives 
{Vo,b}, 

{V~o.e-2,Ve-2,e, Vf>_2.i}, 
{Vo,e-i}, 
{V ,e}> 

{Vo.e, Vo,i, Vi^-2}, 
{Vo, 3 ,Vo A ,V h3 ,V hl }, 
{V 0/ ,V 0A }, 



W{ P ) 



\i 1 < b < £ — 1 and p\gq ( is non-split, 
ifl<6<^ — 2 and p\gq ( is split, 
if 6 = £ — 2, £ > 3 and p\g q is split, 
if b = £ - 1 and I > 2, 

if 6 = 1, XiX^ 1 = u an d p|gq is tres ramificc, 
if b = 1, I > 3 and p|g q is split, 
if 6 = 1, £ = 3 and /9|G Qf is split, 
otherwise. 

Propositions 12.51 and Corollary 12. Ilf 2) show that p is modular of weight^ 6 + 1 
and level prime to £ if and only if ui a p is modular of weight V at b- If P is modular 
of weight 2 and level prime to £, then p\c Q arises from a finite flat group scheme 
over 7ii, so it follows from results of Deligne and Fontaine ([24], Theorems 2.5, 2.6) 
and the explicit description of W(p) above that if p is modular of weight V, then 

VeW(p). 

To show that if V € W(p), then p is modular of weight V, we combine the 
following four results. The first of these is a standard consequence of multiplication 
by the Hasse invariant (or Eisenstein series) of weight £ — 1. 

Lemma 3.18. If p is modular of weight 2 and level prime to £, then p is modular 
of weight I + 1 and level prime to £. 

The theorem in the irreducible case is then a consequence of the following result 
of Edixhoven; see the second paragraph of [24l 4.5]. 

Lemma 3.19. Suppose that p is modular of weight b + 1 and level prime to £ with 
2 < b < £. If p\g q is irreducible, then w 1-6 p is modular of weight £ + 2 — b and 
level prime to £. 

To treat the reducible case, we first apply Mazur's Principle [24J 2.8]. 

Theorem 3.20. Suppose that p is modular of weight £ + 1 and level prime to £. 
If p is not modular of weight 2 and level prime to £, then p\gq ( is a tres ramifiee 

( WX2 * 



representation of the form 



V 



\2 



for some unramified character \2- 



The theorem is then a consequence of the companion forms theorem of Gross 

Theorem 3.21. Suppose that p is modular of weight b + 1 and level prime to £ 
with 1 < b < £ — 2. If p\cQ e is reducible and split, then ui~ b p is modular of weight 
£ — b and level prime to £. 



Theorem 13 . 1 71 now follows. 



□ 



Most of the literature on Serre's Conjecture in the classical case uses arithmetic conventions, 
so for the purpose of this proof, we view p as "modular of weight k" if p ~ ~p n for some cuspidal 
automorphic tt with 7Too = ffe,fc in the notation of §2 and 1131 . 

"^Gross's proof relies on the Hecke-equivariance of certain isomorphisms, later checked by Cais 
in In the meantime, other proofs were given by Coleman and Voloch |15| (but under slightly 
different hypotheses than we need), Faltings and Jordan [28] . and Gee |35| 
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We end by remarking that Edixhoven's refinement of Serre's conjecture includes 
the statement that if p is unramified at £ then it should come from a mod £ modular 
form of weight 1. This refinement is not implied by our conjecture. 

4. Mod £ Langlands correspondences 

As Serre himself remarks in [63 j , his conjecture can be viewed as part of a "mod £ 
Langlands philosophy." Indeed the weak conjecture can be viewed as asserting 
the existence of a global mod £ Langlands correspondence for GL2 /Q, and the 
refinement can be viewed as a local-global compatibility statement. This was made 
precise by Emerton in |26] as follows. Consider the representation 

H = limHUY Utl? ,Ft) 
u 

of Gq x GL2(A/). The weak form of Serre's conjecture is the statement that if 
P '■ Gq — > GL2(F^) is continuous, odd and irreducible, then 

7r(p) := Uom ¥i[GQ] {p,H) 

is non-zero. Under some technical hypotheses on p\G Qi , Emerton shows that n(p) 
factors as a restricted tensor product of representations n p where it p is a represen- 
tation of GL2(Q P ) determined by p\g q ■ The "level part" of Serre's refinement can 
then be recovered from the fact that if p ^ £ and p\gq p has Artin conductor p Cp , 
then TTp 1 ^ P - ) 7^ 0, and the "weight part" from the fact that 

Hom GL2(Z{) (det 1 -' £ ® Symm^ 2 F { 2 ,7r f ) ^ 

where k — k{p) > 2 is the weight of p\gq as defined by Serre in |63| . In this section 
we formulate a conjectural extension of Emerton's refinement to our setting, namely 
that of mod £ representations arising from a quaternion algebra D over a totally 
real field K. 

Suppose now that 

p : G K -> GL 2 (F,) 

is continuous, totally odd and irreducible. We shall associate to p a smooth rep- 
resentation Tr D (p) of (D <g> Z) x over F^ and give a conjectural description for it as 
a product of local factors. Thus for each prime p of K we would like to associate 
to p a smooth admissible representation of Dp defined over F^, ideally depending 
only on p\c K ■ We are able to achieve this for primes p not dividing £; indeed this 
was already done by Emerton if D is split at p and the main new ingredient of 
this section is to treat the case where D v is a quaternion algebra. For p|£, we are 
not yet able to give a conjectural description of the local factor, but the weight 
conjecture formulated in the preceding section can be interpreted as a description 
of the Jordan- Holder factors of its socle under a maximal compact subgroup of Dp . 
(We are grateful to Breuil and Emerton for this observation.) 

We begin by recalling Emerton's formulation of a mod £ local Langlands corre- 
spondence for GL 2 over K p for p not dividing £; see [27] . Emerton's construction is 
a modification of one provided by Vigneras in [70] , on whose results it relies, a key 
difference being that [27] involves reducible representations of GL2(if p ) in order to 
prove local-global compatibility. 

Fix for now a prime p not dividing £ and let q = N(p) = #(Ok/p)- For 
a continuous representation p : Gk v — > GL 2 (Q£), we let n(p) denote its local 
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Langlands correspondent as modified in [25] or [27]. More precisely, 7r(p) is the 
usuafl irreducible admissible Q £ -representation of Gl^-ft'p) provided by the local 
Langlands correspondence, unless p is the sum of two characters whose ratio is 
cyclotomic in which case 7r(p) is a generic representation of length two. 

Theorem 4.1. (Emerton) There is a map p i— >• 7r(p) from the set of isomorphism 
classes of continuous representations Gk p — > GI^F^) to the set of isomorphism 
classes of finite-length smooth admissible F 'i- representations of G — GL,2{Kp), 
uniquely determined by the following properties: 

(1) The representation 7r(p) has a unique irreducible subrepresentation tt' , and 
7r(p)/7r' is finite- dimensional. 

(2) If p : Gk v GL2(Q^) is a continuous lift of p, then there is a G-equivariant 
Zi-lattice in 7r(p) whose reduction admits a G-equivariant embedding into 
7r(p). _ 

(3) // 7r is a finite-length smooth admissible F ^-representation of G satisfying 
conditions (1) and (2), then there exists a G-equivariant embedding ir °-> 

7T(p). 

If D is split at p, we let ir D f(p) denote the representation of Dp = GL2(K P ) 
given by the theorem. 

We would like an analogue of the theorem which associates to p a representation 
of when Dp is a non-split quaternion algebra over K v . Again our construction 
is a modification of one already provided by Vigneras (this time in 69 ) on whose 
results we rely. Since the irreducible smooth admissible F^-representations of Dp 
are finite-dimensional, one might expect a result like Theorem 14.11 but without 
condition (1). However results of Ribet [59] show this naive generalisation would 
not satisfy local-global compatibility, and there are further complications when 
£ = 2. On the other hand we can give a more explicit description of the desired 
representation ir Dp (p). 

Recall from Theorem 15.1 of [12] that the (local) Jacquet-Langlands correspon- 
dence establishes a bijection between isomorphism classes of irreducible admissible 
square- integrable Q^-representations of GL2(-Kp) and irreducible admissible Q £ - 
representations of Dp . If p : Gk p — > G^2(Qe) i s a continuous representation, then 
7r(p) is square- integrable if and only if p is either irreducible or isomorphic to a twist 
of the non-split representation of the form ( Q * i J where uj is the £-adic cyclotomic 
character, and then we let ir Dv (p) the representation of Dp corresponding to 7r(p) 
via Jacquet-Langlands. 

Now consider again a continuous representation p : Gk p — > GL 2 (F£). It is 
straightforward to check that there exist continuous representations p : Gk p 
GL2(Q £ ) containing Gk p -stable lattices whose reduction is p. Moreover, if p is 
irreducible, then so is p except in the following case: if q = — 1 mod £, L is the 
quadratic unramified extension of K p and p ~ \ ® " C f° r some characters \ 

of Gk p and ^ of Gl such that £ is different from its Gal(i/i^ p )-conjugate and has 
£-power order, then p has semi-simplification isomorphic to x® xw _1 where uJ is the 
mod I cyclotomic character. (Note that if q = —1 mod £, then U is the quadratic 
unramified character of Gk p , unless £ = 2 in which case uj = 1.) 



^Recall that we follow Carayol's conventions in 1 131 with regard to the local Langlands corre- 
spondence; these differ from Emerton's, but we make the same modification as in [251 127] . 
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For representations of Dp we have the following result of Vigneras (Proposi- 
tions 9 and 11 and Corollary 12 of |69j): 

Proposition 4.2. (Vigneras) Suppose that p : Gk p GL^F^) is continuous and 
irreducible. If p : Gk p GL2(Q^) is a lift of p, then the reduction ofn Dp {p) is 
irreducible and depends only on p. 

If p : Gk p —> GL 2 (Ff) is irreducible, we define ir Dp (p) to be the reduction of 
ir Dp (p) for any lift p of p; this is well-defined by the proposition. 

Suppose now that p is reducible. If p is not a twist of a representation of the 
form (where w is the mod I cyclotomic character), then p has no lifts p 

such that ir(p) is square-integrable, and we define n Dp (p) = 0. 

Suppose now that p ~ (q x^ 1 ) ^ or some character \ : Gk p F^ (i.e., p is 
any extension of xUj~ 1 by x). If q ^ — 1 mod £, then the only lifts p of p for which 
7r(/5) is square-integrable are non-split representations of the form ( * _JLi ) where 
X ■ G Kp -> C^'p hfts X- In this case t^ 15 (p) = X -1 ° det where det : Dp -> Kp is 
the reduced norm (using x and X al so to denote the characters of Kp to which they 
correspond via class field theory). We then define ir Dp (p) to be x 1 ° det, unless 
q = l mod I and p is the split representation x © X in which case we define tt Dp (p) 
to be (x" 1 ° det) © (x _1 ° det) (note that uj is trivial). 

Remark 4.3. Note that the reduction of Tr Dp (p) is x _1 °det, which then coincides 
with ir Dp (p) unless we are in the exceptional case where q = 1 mod £ and p is 
scalar. In this case our definition of ir Dp (p) is motivated by results of Ribet [SS] and 
Yang [73] on multiplicities of Galois representations in the cohomology of Shimura 
curves. 

Suppose now that p ~ ( g xE T-i ) for some character x : Gk p ~^ F^ and that 
q = — 1 mod Let c p denote the extension class associated to p in 

Note that this space is 1-dimensional unless I = 2 in which case it is 2-dimensional. 
Recall that such p have irreducible lifts p which are twists of tamely ramified rep- 
resentations induced from Gl where L is the unramified quadratic extension of 
Kp. For such p, ir Dp (p) is a two-dimensional representation of Dp whose reduction 
(which depends on a choice of lattice) has semi-simplification x -1 odet 0(x _1 w _1 )° 
det (see [SH])- We will define tt Dp (p) as a certain extension of (x _1 w _1 ) o det by 
X _1 o det depending on c p . To this end we will first compute 

Ext^xjCOT 1 ^ 1 ) o dct^ 1 o det) = H\D*,F e (u}o det)). 

Although a unified treatment is possible (see Remark |4.4|) . it is simpler to consider 
separately the cases I > 2 and 1 = 2. 

Suppose first that £ > 2. Let Od p denote the maximal order in D p and II a 
uniformizer, so val^ (det II) = 1 and Dp /W Dp = F q z. Letting F = Dp /(I + 
HOd p ), we have an exact sequence 

1 ->■ F x 2 T -> Z -> 

where the map T — > Z is val o det and n € Z acts on F * 2 by x i— >■ . Note that F * 2 
acts trivially on F^(w o det) and the induced action of n G Z is via the character 
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p,(n) = (—1)" = q n ■ Since 1 + HOd p is pro-p, we have that 

H 1 (L> x , F e (uj o det) ) = H 1 (r, F e (uJ o det)) . 

Since ff^Z, F e (p)) = if 2 (Z, E>(/i)) = 0, we have that 

^(r.F/Cwodet)) = Hom z (F x ,F £ ( M )) 

is one-dimensional. Hence there is a unique isomorphism class of F^-representations 
of Dp which are non-trivial extensions of (x _1 uJ _1 ) o det by x' 1 ° det. We define 
ir Dv (p) to be the extension which is split if and only if c p is trivial. 
Finally consider the case 1 = 2. Then uJ is trivial and 

H\D;,F 2 ) = Hom(£ x /0D x ) 2 ,F 2 ), 

and one checks easily that det induces an isomorphism 

D;/{D;f^K;/{ K ;f. 

On the other hand local class field theory yields an isomorphism 

H\G Kp ,V 2 ) = Hom(# p x /(*r p x ) 2 ,F 2 ). 
Putting these isomorphisms together yields 

h\g K9 ,y 2 )^h\d;,y 2 ), 

and we define ir Df (p) to be the extension obtained from the image of c p . 

Remark 4.4. To give a unified treatment for the cases I — 2 and I > 2 when 
q = — 1 mod £ and p as above, embed the unramified quadratic extension L of K p 
in Dp and let TV denote the normaliser of the image of L x in Dp . One can then 
check that restriction induces an isomorphism 

H^D; ,F e (uJ o dot)) = H^Njeip)) 

where p,(x) = 1 if x € L x and = —1 otherwise. On the other hand one finds 
that N is isomorphic by local class field theory to the image of the Weil group of K p 
in Gal(L ab /-ftT p ) and that the inflation and restriction maps induce isomorphisms 

H 1 {G Kfl F l (u)) - H\Ged(L ah /K p ),F e (ZJ)) - H\N, F,( M )). 

Remark 4.5. ft is straightforward to check that if q = —1 mod I and £ is a 
character of Gl of ^-power order and not equal to its Galois conjugate, then every 
representation p with semisimplification 1 ® ZJ is isomorphic to the reduction of a 
Gk p -stable lattice in Ind G[ p £. It follows that if I = 2, then every representation 
with scalar semisimplification has the same set of lifts p such that ir(p) is square- 
integrable, so -k d v (p) is not characterised by the set of n D '"(p). (Note that this is 
also the case for trivial reasons if q = 1 mod I and I > 2.) 

We now return to the global setting of a totally odd, continuous, irreducible 

p : G K -> GL 2 (F,) 

and construct the F^-rcprcscntation of Dj = (D ® Z) x whose local factors should 
be the 7r £,,, (/9). We first consider the case of a totally definite quaternion algebra 
D over K. Fix a maximal order Od in D and isomorphisms Od,p — M 2 (Ok,p) for 
each prime p of if at which D is split. 
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For each open compact subgroup U of we define 

S D (U) = {f:D*\D*/U^F e }. 

The obvious projection maps for V C U induce inclusions S D (U) — > S D (V) and we 
define S D as the direct limit of the S D (U). Thus S D can equivalently be defined 
as the set of smooth functions / : D x \Dj — > Fg. Note that this F^-vector space 
admits a natural left action of by right translation, and S D (U) = (S D ) U , the U- 
invariant functions in S D . Moreover for any g <G Dj and open compact U, V C 
we have the double coset operator [UgV] : S D (V) — > S D (U) defined in the usual 
way. In particular, for each prime p at which D is split and GL 2 (0_r- jP ) C U, we 
have the endomorphisms 

Tp=[U(7°M and S p =[uC >° p )U 

of S D (U), where tn p is any uniformizcr of Ok,p- If E is a finite set of primes of K 
containing all those such that: 

• D is ramified at p, 

• GL 2 (0 KiV ) t U, 

• p is ramified at p, or 

• p divides I, 

then we let T s ([7) denote the commutative F^-subalgebra of Endp^(S' D (C/)) gen- 
erated by the S p and T p for p £ E. We let = m$(U) denote the ideal of T S (J7) 
generated by the operators 

T p - SptrG^Frobp)) and N(p) - S p det(jo(Frobp)) 

for all p £ E. We let 

S D (U)[xt$] ={fe S D (U) | Tf = for all T e }. 

If p = p T for some (necessarily cuspidal) automorphic representation ir of D x with 
weight (2, 0) and Tr* 7 ^ 0, then is a maximal ideal of T s ([7) and 5 c '(C/)[m^] ^ 0; 
otherwise = T s ([/) and S D (l7)[m=] = 0. 

Lemma 4.6. Suppose that D, U, p and E are as above. Then 

a) S D ([/)[m.p] is independent of E (so we wn7 denote it S D (U)[m p ]); 

b) if g <G -D^ and V is an open compact subgroup of such that V C gU g^ 1 , then 
g sends S D {U)[m p ] to S D {V)[m p ). 

Proof, a) We may assume S' = EU {p} for some p £ E and that trip' ^ T s ({/). 
Since p is irreducible, a standard argument using the representations p^ lifting p 
gives a representation 

p':GK^GL 2 (T s V) mr ) 

lifting p such that 

Tp = 5ptr(p'(Frob p )) and N(p) = S p dct(// (Frob p )) 

as endomorphisms of S D (U) m &. It follows that S D (U)[mf] = S D (U)[mf ]. 

b) Choosing E sufficiently large that GL 2 (0a:,p) C V and g p e GL 2 (0^p) for 
all p ^ E, we see that g commutes with T p for all p ^ E. □ 
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We can now consider the direct limit over U of the spaces S D (U) [m p ] ; by the 
lemma, this makes sense and yields a representation S D [m p ] of . We can now 
state an analogue of Emerton's local-global compatibility conjecture [26] . 

Conjecture 4.7. Suppose that K is a totally real field, 

p:G K ^ GL 2 (F £ ) 

is a continuous, irreducible and totally odd representation, and D is a totally definite 
quaternion algebra over K . Then the F (-representation S D [m p ] of £)5 is isomorphic 
to a restricted tensor product <8> p 7r p where 7r p is a smooth admissible representation 
of Dp such that 

• if p does not divide £, then ir p = tt d v (p\gk )> 

• if p\£ then ir p =^ 0; moreover if K and D are unramified at p, and a is an 
irreducible F (-representation of GIj2{Ok,p), then HoniQL 2 (o K ) (&, tt p ) 7^ 
if and only if a £ W p {p y \ GKf ). 

Remark 4.8. In the case K = Q and D = M 2 (Q) and p|gq { is n °t a twist of 
a representation of the form ( J i ) , then Emerton predicts the precise form for 
■Kg in [55] as well and goes on to prove his conjecture under technical hypotheses 
(including the assumption that i > 2) . It is reasonable to expect that 7r p is of the 
form predicted there whenever D p = M 2 (Q() and p\o Kp is as above. 

Under the hypotheses that K v is an unramified extension of and D is split at 
p, the relation with W p can be viewed as a description of the GL 2 (0if, p )-socle of 
7r p (which in most cases is expected to be multiplicity- free). In many cases, Breuil 
and Paskunas [S] construct infinitely many (isomorphism classes of) representations 
with the desired socle. These representations are irreducible whenever p\c K is, and 
are expected to have finite length in general. However, the multitude of possibilities 
raises the question of whether one should still expect 7r p to be completely determined 

by p\g Kv - 

Some work has also been done towards defining a conjectural set of weights W p 
when Fp is a ramified extension of and D p is split. In particular, Schein [62] 
gives a definition of W p when p\c Kp is tamely ramified, and Gee [37] gives a more 
general but less explicit definition than ours. 

In the case where D p is not split, Gee and Savitt [39] have described the set of 
weights, again in a less explicit form in general. We remark however that one can 
show in this case that 7r p , if it exists, has infinite length. 

Suppose now that D is split at exactly one infinite place. We exclude the case 
D — M 2 (Q) already considered by Emerton. We now define S D (U) = H 1 (Y U Fe) 
and S D = lim S D (U), the limit taken over all open compact U C Dj with respect to 
the maps on cohomology induced by the natural projections Yy — > Yy for U C V. 
If V C gUg^ 1 , then we have a X-morphism Yy — > Yjj corresponding to right 
multiplication by g on complex points, inducing a homomorphism S D (U) — > S D (V) 
which we also denote by g, making S D a Gk x -D? -module. However the natural 
map S D (U) (S D ) U is not necessarily an isomorphism. 

For g £ Dj , and U,V open compact subgroups of Dj , we have the double coset 
operator [VgU] : S D {U) -> S D (V) defined as the composite S D (U) -> S D {V) -> 
S D (V) where V = VDgUg- 1 , the first map is defined by g, and the second is the 
trace morphism times the integer [V : V']/ deg(ly</>V). We can thus define Hecke 
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operators T p for p ^ S, algebras T S (C/) C Endp € (S' D (C/)), ideals and subspaces 
S D (U)[m^] C S D (U), just as in the case of totally definite D. The analogue 
of Lemma 14.61 is proved in exactly the same way, now yielding a representation 
S D [vcip] of Gk x . 

Conjecture 4.9. Suppose that K is a totally real field, 

p : G K -> GL 2 (F,) 

is a continuous, irreducible and totally odd representation, and D is a quaternion 
algebra over K split at exactly one real place. Then the F g-representation S D \m p ] of 
Gk^-Dj is isomorphic to /0(8>(®p7Tp) where n p is a smooth admissible representation 
of Dp such that 

• if p does not divide £, then tt p = ir Dp {p\g Kv )> 

• if p\£ then 7r p ^ 0; moreover if K and D are unramifed at p, and a is an 
irreducible F g-representation of GLi2(Ok,p), then Hoiiiql 2 (Ok p) ( CT > ) 7^ 
if and only if a £ W p {p y \ GKf ). 

By the following lemma, Coniecture l4.9l could be reformulated as saying that the 
representation Hom^ r G i (p, S D ) of Dj has the prescribed form, as in [25] . 

Lemma 4.10. The evaluation map p(S)p e Hom^ [g k ] (p> induces a Gk X 

Dj -linear isomorphism: 

p® ¥e Rom ¥i[GK] (p, S D )^S D [m p }. 

Proof. It suffices to prove the lemma with S D replaced by S D (U) and take direct 
limits. Since p is irreducible, the evaluation map 

p® ¥e Uom ¥e[GK] (p,S D (U)) -> S D (U) 

is injective by Schur's Lemma. Using the Eichlcr-Shimura relations on Yjj (in 
particular, that Frob^ -Sp l T p Frob„ +N(p)S , p " 1 = on H 1 (Y u j ? ,F e ) for all p £ S), 
one shows as in the proof of Prop. 3.2.3 of j8] that the image lies in S D (U)[m p }. 
Finally, the main result of [B] shows that S D (U)[m p ] is isomorphic to a direct sum 
of copies of p, hence the map is surjective. □ 

Next we show how one can usually recover S D (U)[m p ] from S D [m p }. The caveat 
(an observation going back to Ribet) is that it is not quite true that "all errors 
are Eisenstein" . Let us say that a representation p is badly dihedral if p is induced 
from a character of Gk< where K' is a totally imaginary quadratic extension of K 
of the form K{5) for some 5 such that 8 £ K. For £ > 2 it is not difficult to check 
that if p is badly dihedral then K must contain the maximal real subfield Q(/^) + 
of Q(ne) and that K' — K(p,g) (because the field K' contains £ := 8/8 with S the 
Galois conjugate of 8, and £ ^ 1 is an £th root of unity). In particular if I > 3 and 
I is unramified in K, then there will be no badly dihedral representations at all. 
However for i = 2 there may be more than one possibility for K' (but only finitely 
many) . 

Lemma 4.11. The natural map S D (U)[m p ] — > (S D [m p ]) u is injective; moreover it 
is an isomorphism if either 

• Yjj has no elliptic points of order a multiple of £ or 

• p is not badly dihedral. 
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Proof. It suffices to show that if V is any normal open compact subgroup of U then 
the natural map 

is injective after localising at m^, and is an isomorphism under the additional 
hypotheses. Equivalently we must show that p does not appear in the F^G/f]- 
semisimplification of the kernel of the above map, and under the additional hy- 
potheses it does not appear in the cokernel either. 

Let Zjj denote the reduced closed subscheme of Yjj defined by its elliptic points 
and let Zy = (Z v x Yu >V) rod , W v = Y v - Z v and Wy = Yy - Zy. Then the 
morphism Wy — > Wjj is etale with Galois group L (a quotient of U/V), and the 
Hochschild-Serre spectral sequence yields an exact sequence: 

0^H\T,H*{W vl <-Ji)) ^ H x {W ul? ,F_ t ) 

-> H\W vl? ,F e ) u -> H 2 (T,H°(W v ^F e )). 

The inclusion Wu —> Yjj yields an exact sequence: 

Hh^iY^Fe) ^ H\Y UJ? ,Ft) 

-> H\W V ^ Fi) -> Hl o jY Utl f, F t ) 

By the excision theorem, H i Zu _{Y u;K ,F l ) = ® zeZu (K) H {z}( Y uji^t)- B V the 
Betti-etale comparison theorem for example, we see that each H) z x (Xujci ^) = 
and that each H"f z x{Y u ^,Fi) is one-dimensional; moreover if xj) : X' — > X is a 
non-constant morphism of smooth proper curves over K with ip(x') = x, then 
the induced map H?y(X, Fi) — > H^ x ,y(X', Fg) is trivial if the ramification degree 
e(x'/x) is divisible by I and it is an isomorphism otherwise. In particular, if z £ 
Zu(K) is defined over L, then the morphism Yjj,l — >• Pi gotten from a uniformizer 
at z induces an isomorphism 

F,(l) - Hl^PL.Fe^Hl^Y^Fe) 

of G L -modules. It follows that H 2 Zu _{Y u;w , F e ) ~ PeZ[r Indg^ F^(l) as G K - 
modules. Combining this with the corresponding exact sequence arising from 
Wy —> Yy yields a commutative diagram 

0^ H^Y^Ft) -> H\W v ^F t ) -> H Zu _{Y ulz ,F e ) 

0^ H^Yy^Fif -+ H\W v ^,F{f H Zv _(Y V x,F e ) r 

such that the kernel of the rightmost vertical map is isomorphic to the direct sum of 
the Indg* F e (l) over the P £ Yjj whose ramification degree in Yy is divisible by 
£. If P is such an elliptic point, then it is fixed by some S £ D such that 5 has order £ 
in D x /K x . The extension K' := K[5] is a commutative integral domain within D, 
and it is finite over K and hence a field; moreover it must be a quadratic extension 
of K, imaginary at our preferred infinite place To since S has isolated fixed points 
in Sj , and at the other infinite places since K' C D and hence K' splits D. The 
elliptic point will then be a special point for the Shimura curve Yjj with respect 
to the torus Res^-//q(G m ) and by Lemma 3.11 of [T7] the elliptic point will be 
defined over an abelian extension of K . Now under the additional hypotheses of 
the lemma it follows that p does not appear in the FffGifj-semisimplification of the 
direct sum of the IndS* FA I) as above. 
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Recall from Lemma l2~2l that the action of G K on H°(Wyg, F e ) = H°(Y vl? , F e ), 
hence on the kernel and cokernel of the middle vertical map, factors through an 
abelian quotient. Finally we deduce from the snake lemma that p does not appear 
in the semisimplification of the kernel of the leftmost vertical map, nor that of the 
cokernel under the additional hypotheses. □ 

Finally we record some consequences of Conjectures 14.71 and 14.91 (Recall that 
Conjecture 14.91 is formulated for an arbitrary totally real K, but that Conjec- 
ture [344] assumes K is unramified at £.) 

Proposition 4.12. Conjecture \4-9\ implies Conjecture \3.14\ 

Proof. Since the conjecture is known for Q, we can assume K ^= Q. Now p is 
modular of weight a if and only if p(— 1) is isomorphic to an [Gk ]-subquotient 
of Horn^ pi (cr v , H 1 (Y U , Fg)) for some D and U as in Definition 12.11 This is 
equivalent to saying that ^ (for any X at level U') is (maximal and) in the 
support of Honip^j (<r v , S (U')), or equivalently that 

Rom ¥e[u] (a v ,S D (U')[m p{ . 1) ])^0. 

(Note in particular that by the proof of Lemma [4.101 "F^G/f-subquotient" can be 
replaced with "FfGj^-submodule" as claimed after Definition 12. II ) 

So if p is modular of an irreducible weight a, then Homp^] (<r v , S D [m p (_i-)]) ^ 
by Lemma 14.111 If Conjecture 14.91 holds, then we may write S D [m p (^i- ) ] = 
p® (<g/7T p ); moreover for each p\t, we have Hom^p ](cp,7Tp) ^ so that € 
W p (p(-lY), or equivalently that (T v € W{p{-l) y ). Since p = det(p) ® p v and 
a = ipa w where ip is the central character of er, it follows easily from Proposi- 
tion 1342] that this is equivalent to a £ W(p). 

Conversely suppose that a € W(p). If [K : Q] is odd, then let D be a quaternion 
algebra over K ramified at all but one infinite places and split at all finite places. 
If [K : Q] is even, then let L denote the splitting field of p and choose a prime q 
unramified in L(pe) so that the conjugacy class of Frobq in Ga\(L(pe )/K ) is that of 
a complex conjugation. Let D be a quaternion algebra over K ramified at exactly q 
and all but one infinite place. Then n Df (p) ^ for all primes p, so we can choose U 
sufficiently small (of level prime to £) so that Yjj has no elliptic points and 7Tp P ^= 
for all p not dividing I. We can then reverse the above argument to conclude that 
p is modular of weight a. □ 

Level- lowering theorems of Fujiwara [32] . Rajaei [57] and the third author [44 ( 45 
can be viewed as partial results in the direction of Conjectures 14. 71 and !4.9l of which 
they are also consequences. 

Proposition 4.13. Let p : Gk GL 2 (F^) be continuous, irreducible and totally 
odd, let n be the (prime to I) conductor of p and let n' = ^Ilp^f 2 - 

a) Suppose that Conjecture |^.7| holds, or that Conjecture |^.ff| holds and p is not 
badly dihedral. Then p ~ ~p v for some cuspidal automorphic representation tt of 
GL2 / K of weight (2, 0) and conductor dividing n'. 

b) If [K : Q] is even, suppose that Conjecture \4- 7| holds for K ; if [K : Q] is odd, 
suppose that Conjecture \4-9\ holds for K and that p is not badly dihedral if £ — 2 
or 3. If K is unramified at £ and p\c K arises from a finite flat group scheme over 
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Ok.p for each p\£, then p ~ p„ for some cuspidal automorphic representation ir of 
GL2 / K of weight (2, 2) and conductor n. 

Proof. To prove (a) assuming Coniecture l4.7[ let D be a quaternion algebra over K 
ramified at all infinite places and at most one prime po over £, but no other finite 
places. Let U — J\ U q be the open compact subgroup of Dj with 

U H = { (cd) eGU(G K , q ) \ c = d-l = 0modnO K , q } 

for q not dividing £, and U q a pro-£-Sylow subgroup of a maximal compact subgroup 
of D* for q\£. It follows from Emerton's characterisation of 7r q in Theorem 14 . 1 1 that 

^q 7 ' 1 7^ for all q not dividing £. The same is true for q\£ since U„ is pro-^ and 
7r q 7^ 0. Therefore S D (U)[m p ] — S D [m p ] u ^ and p ~ p^, for some cuspidal 
automorphic representation n' of D x of weig ht (2,0) with ir' u ^ 0. Then the 
cuspidal automorphic representation n of GL2 / K corresponding to 7r via Jacquet- 
Langlands has conductor dividing n'. (Note that the form of U q for q\£ implies that 
7T q has conductor dividing q 2 .) 

The proof of (a) assuming Conjecture 14.91 is similar, except that we use the 
assumption that p is not badly dihedral in order to apply Lemma |4. Ill 

The proof of (b) is also similar, using the fact that if p\c K arises from a hnitc 
flat group scheme, then W p (p) contains the trivial representation. (Recall that we 
are assuming I to be unramihed in K, so that badly dihedral representations only 
occur if I — 2 or 3, as remarked above.) □ 

We remark that in fact the conclusions of Proposition 14.131 follow from weaker 
modularity conjectures than Conjectures 14.71 and 14.91 together with known level 
lowering results, at least if I > 2 and p is not badly dihedral. Indeed, we will 
explain that weak modularity (Conjecture II .lj) implies Proposition 14.137 a). given 
these level lowering results. It seems that Proposition ^. 13f b) is more subtle in that 
it requires more control over the level at £, but these follow from Conjecture 11.11 
and our weight conjecture (Conjecture 13.141) . together with level lowering. (In fact, 
the only part of Conjecture 13. 141 we need is the case where p is finite at p, so that 
Wp(p) contains the trivial representation.) 

To deduce (a) from the weak conjecture, we can assume that p ~ ~p v for some 
automorphic representation 7r of QL,2/ K of some weight and level, by weak mod- 
ularity. By Corollary 12.121 we can assume that the weight is (2,0), and that the 
level is nxj|p^p a,> for some ideal m and some integers a p . The same argument as 
in the proof of Proposition 14.13( a) above gives that a p < 2. For primes q \ £, we 
may use existing level lowering results to deduce that we may take m = n, so that 
p is modular of weight (2,0) and level n', as required. For [K : Q] odd, these are 
due to the third author and to Rajaei [HJ HSJ [57], under the technical hypothesis 
that £ > 2 and p is not badly dihedral. When [K : Q] is even, a similar argument 
applies, but in order to use the level lowering results mentioned above, one needs to 
begin by raising the level by adding a prime, using Taylor's theorem [66]. One can 
then switch to an appropriate quaternion algebra to perform the level lowering, and 
finally remove the prime that we added, using Fujiwara's unpublished version |32j 
of Mazur's Principle in the case [K : Q] even. 
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Proposition 14. 137 b) would work in the same way, given sufficiently strong level 
lowering statements for primes p\£. However, these are not yet sufficient to de- 
duce (b) from weak modularity and level lowering. But Conjecture [TTT] and Conjec- 
ture 13.141 together with level lowering (and the results of Taylor and Fujiwara when 
[K : Q] is even) , is sufficient to deduce Proposition 14. 13T b) ; one simply uses the 
observation made in the course of the proof above that the trivial representation 
lies in W p (p) if p is finite at p. 

Corollary 4.14. If Conjecture \^?T\ or \4-!^\ holds, then there are only finitely many 
continuous, irreducible, totally odd p : Gk GL^F^) of conductor dividing n. 

Proof. Note that by class field theory, there are only finitely many badly dihedral 
p of a given conductor. We can therefore assume p is not badly dihedral, so by 
Proposition ^. 13T a). either conjecture implies p is modular of weight (2,0) and level 
£ 2 .n(p), where n(p) denotes the Artin conductor of p. Since there are only finitely 
many automorphic representations of weight (2, 0) and given bounded level, the 
result follows. □ 

Corollary 4.15. Suppose that Conjecture \4- 1\ holds if [K : Q] is even, and Con- 
jecture \4-9\ holds if [K : Q] is odd. If E is an elliptic curve over K , then E is 
modular. 

Proof. Given E of conductor n, let I run through all primes greater than 3 and 
unramified in K, such that E has good reduction at all p\l. Then pe.i is finite 
at p, so Proposition |4.13f b) implies that pE,i is modular of weight (2,2) and level 
equal to n(pE,i), which divides the conductor of E. So there is an automorphic 
representation of level i7i(n) and weight (2,2) whose mod £ representation 
agrees with pE,t, or equivalently one of weight (2, 0) giving rise to pE,e.(— 1)- There 
are only finitely many such automorphic representations, so there is a tt such that 
7r = for infinitely many £. It follows that for all p not dividing n, the action 
of T p on n Ul W is by a p (E) and that of S p is trivial. Therefore Pe,i{— 1) ~ P-k (for 
any £), and hence L(E, s) = L(tt, s). □ 

Remark 4.16. The remarks after Proposition 14.131 show that the conclusion of 
Corollary 14 . 1 41 for £ > 2 actually follows from Conjecture [O] and known level low- 
ering results. Similarly one sees that the conclusion of Corollary 14. 151 follows from 
Conjecture 11.11 Conjecture 13.141 and level lowering results. In fact the modularity 
of E even follows from Conjecture 11.11 using modularity lifting results of Skinner- 
Wiles [65], Fujiwara [31] or Taylor [67]. Furthermore, using the lifting results of 
Kisin [53] and Gee [34] one can show (unconditionally) that if pe,3 is irreducible 
and not badly dihedral, then E is modular. See also [64], [65] and [47] for additional 
cases where modularity of E is known. 
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